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MAXIMAL AND POTENTIAL OPERATORS IN VARIABLE
EXPONENT MORREY SPACES
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Abstract. We prove the boundedness of the Hardy—Littlewood maximal
operator on variable Morrey spaces LP():A()(Q) over a bounded open set Q C
R” and a Sobolev type LP()A() — L4():AC)_theorem for potential operators
I*0) | also of variable order. In the case of constant «, the limiting case is
also studied when the potential operator I acts into BMO space.
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1. INTRODUCTION

We introduce the variable exponent Morrey spaces LP()A()(Q) over an open
set 2 C R”, well known in the case where p and A\ are constant, see for instance
[10], [17]. Last decade there was a real boom in the investigation of vari-
able exponent Lebesgue spaces LP()(Q) and the corresponding Sobolev spaces
WPt (Q). We refer to surveys [7], [12], [21] on the progress in this field,
including topics of Harmonic Analysis and Operator Theory.

In this paper, within the framework of variable Morrey spaces LP¢)A()(Q) over
bounded sets €2 C R”, we consider the Hardy—Littlewood maximal operator

M(z) = pm / F)ldy

r>0
B(w,r)

and potential type operators

0 f /
P
of variable order a(z).

We prove the boundedness of the maximal operator in Morrey spaces under
the log-condition on p(-) and A(-), in the case of Lebesgue spaces (A(z) = 0)
this result being due to L. Diening [5]. For potential operators, under the same
log-conditions and the assumptions inf a(x) > 0, sup A (z) + a(zx)p(z)] < n,

we prove a Sobolev type LP()AL) — Lq( )AL theorem In the case A\(z) = 0 the
Sobolev Theorem for variable Lebesgue spaces is known to be obtained — via the
Hedberg approach — from the boundedness of the maximal operator, see [20].
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As a corollary of the Sobolev Theorem, we derive the corresponding bound-
edness of the fractional maximal operator

o0 f(g) — sup
MOS) =sp— | 11wl

r>0 ‘B(;p, r) o)

In the case of constant a, we also prove a boundedness theorem in the limiting

case p(z) = n;(’\g), when the potential operator I acts from LP()A) into BMO.

Notation:

R™ is the n-dimensional Euclidean space;

() is a non-empty open set in R";

dg denotes the diameter of €

XE is a characteristic function of a measurable set £ C R™;

|E| is the Lebesgue measure of E;

B(z,r) ={y e R": |z —y| <r}, B(x,r) = B(x,r)NQ;

by ¢ and C' we denote various absolute positive constants, which may have
different values even in the same line.

2. PRELIMINARIES ON VARIABLE EXPONENT LEBESGUE SPACES
Let p(-) be a measurable function on € with values in [1, 00). We assume that
1<p- <p(x) < p; < oo, (1)
where we use the standard notation

p_:=essinfp(xr) and p; :=esssupp(x).
€] 2eQ

By LPY)(Q) we denote the space of all measurable functions f on  such that
L(f) = / |f(2)[P@dx < oo.
Q

Equipped with the norm

[ fllp¢) = inf {77 >0 Ip (%) < 1} :

this is a Banach function space. As is known, the following inequalities hold

110y < Loy (F) < W flley 3 (1 fllse) < 1, (2)

110y < Loy (F) S WFIRG i (1l = 1, (3)
from which it follows that

a <\ fllpy Sc2 = s < Ly(f) < (4)

and
Ci < Lo(f) <C = C3 <|fllp) < Cu, (5)
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with ¢z = min (¢]”,d"), ¢4 = max (5 ,c5"), C3 = min (C’ll/p’, C’ll/”) and
Ch::
max (Czl/p‘, 021/’”) :

As usual, we denote by p/(+) the conjugate exponent given by p'(x)=
x € Q. The Holder inequality is valid in the form

Q/If(l“)g(ﬂf)l dx < (pi + pl—,_) 11y Ngllprc- (6)

If © is bounded and p(z) < g(z), there holds the embedding
LIO(Q) — LPO(Q). (7)

For the basics of variable exponent Lebesgue spaces we refer to [22], [16].
The LP)-boundedness of the Hardy-Littlewood maximal operator was proved
by L. Diening [5] under the conditions

1L <p- <p(r) <psy <o (8)
and

. x,y € €, (9)

DO | —

Ip(z) = p(y)] < lz —y| <

—Inlz—y|’
where A > 0 does not depend on z,y.

The proof of the boundedness of the maximal operator was based on the
following pointwise estimate.

Lemma 1. ([5]) Let Q be bounded and let p(-) satisfy conditions (8), (9).
Then there exists a constant C > 0 such that, for all || f|| ., <1,

p(z) ()
)™ < ¢ ar (1561 ) @41 (10)
We will also make use of the following statement proved in [20], Theorem 1.17.

Theorem 1. Let p(-) satisfy assumptions (1) and (9) and ((-) satisfy the
conditions

sup f(x) < oo, inf f(z)p(x) > n. (11)

zeQ e
‘ < Oyt ) (12)
p(*)

is valid, where the constant C' > 0 depends on sup B(x) and 1r€15f2[ﬁ(:n)p(:v) —nl,
z€eQ x

Then the estimate
Xr\B(z,r) (*)

but does not depend on x and r.

We note that the logarithmic condition (9) is usually called the log- Hélder
continuity or the Dini—Lipschitz condition.
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3. VARIABLE EXPONENT MORREY SPACES

3.1. Definition. Let A(-) be a measurable function on € with values in [0, n].
We define the variable Morrey space LPO)AC)(Q) as the set of all integrable
functions f on €2 such that

Loao(f) = sup 7@ / )Py < oo. (13)

zeQ, r>0

B(z,r)

The norm in the space LPO)A0)(Q) may be introduced in two forms,

Hle = inf {77 >0: Ip(.),)\(.) (%) < 1}

A(z)
p(") f Xé(w,r)

and

[flla="sup |ir :
€2, r>0 p(-)
which actually coincide, as shown in Lemma 3. First we need the following

lemma.

Lemma 2. For every f € LPOAO(Q), the inequalities
I < Looyae () < IR o (IfIl <1, (14)
IFIE < Loy () < WA i IIflli>1 (15)

are valid, 1 = 1, 2.

Proof. Let

1 p(y)
Fle,rin) = o / ‘fS” dy. (16)

B(z,r)

For every (z,r) € 2x (0, dgq), the function F'(z,r;n) is decreasing in n € (0, o).
We have
sup  F(z,7;1) = Ip)a (f) (17)

z€eQ, r>0
and by the definition of the norm | - ||1,
sup  F(z,r; || f]1) = 1. (18)

zeQ, r>0
Then from (17)—(18), by the monotonicity of F'(z,r;n) in n, inequalities (14)—
(15) with ¢ = 1 follow. To cover the case i = 2, that is, the case of the norm

[flla="sup igarllnc)

z€Q, r>0

A(zx)

where g, =170 f x5, ("), we make use of inequalities (2)-(3) of the L)
norm and have

and similarly for the case ||gz,.||p) > 1. Taking the supremum with respect to
x and r, we obtain (14)—(15) for i = 2. O
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Lemma 3. For every f € LPVUA0(Q) we have

1fllz =[x
Proof. We note that

||f||2 = sup {:uz,r >0: F(l‘,?“, :uxﬂ“) = 1}7
x€Q, r>0
where F(z,r;n) is function (16). From the equality F(x,r;p,,) = 1 and the
inequality F'(z,7;]/f]1) < 1 following from (18), by the monotonicity of the
function F'(x,r;n) with respect to 1, we conclude that

1fll2 < [1f1lh-

From relations (14) we easily derive

p_

If1l7if [ flh <1,
[flle < Sl i Ifli>1, [ flle <1,
Py

1Al 3 (Al =1, ([l = 1.

Substituting here W instead of f, we obtain HWH < 1, thatis, ||fll1 < ||f]l2,
1

which completes the proof. 0J

By the coincidence of the norms we put

1 fllpoae = 1l = [1f ]l

Remark 1. When the open set €2 is bounded, the supremum defining the norm
|| - ||2 is always reached for values of r less than dg. Indeed, if r > dg we have

Lemma 5 below provides another equivalent norm on LPOAC(Q) when
2] < oco. Basically, it states that in case A(-) is log-continuous, there is no
difference in taking the parameter A depending on x or y. Lemma 5 is an
immediate consequence of the following simple lemma.

NED)

do ™ f XB(x.dg)

<

A(z)
() fXE‘(m,r) "

p(+)

Lemma 4. Let Q be a bounded open set and A(-) satisfy the logarithmic
condition

Ay 1
Aa) - Ay)| < — 2 |r—y| <= Q. 1
@) =AW < = el <5, wye (19)
Then
%Tw) < 1N@) < OpAW) (20)

for all x,y € Q such that |x — y| < r, with the constant C = e not depending
on x,y and r.
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Proof. Since the set ) is bounded and A(-) is a bounded function, it suffices to
check (20) for small » < 1. It is easy to see that (20) is equivalent to

Az) = A(W)| m% <0 i —InC = A, (21)

which is valid since ln% <In ﬁ O

Lemma 5. If Q is bounded and \(-) is log-Hélder continuous, then the func-
tional

_2A0)
1l = sup [0 f X, (22)

z€eQ, r>0

()
defines an equivalent norm in LPOA)(Q),

The definitions above recover the classical Morrey spaces (see, for example,
[17], Ch. 4), that is, LPOAO(Q) = LPAQ) if p(x) = p and A(z) = X are con-
stant. Furthermore, if A(z) = 0, then LP()A0)(Q) coincides with the Lebesgue
space LP0)(Q).

3.2. Embeddings of variable Morrey spaces. In Lemma 7 we prove em-
beddings of the Morrey spaces with variable p(-) and A(-), known for constant
exponents (see [17], Theorem 4.3.6 or [10], Ch. III, Proposition 1.1). To this
end, we first need the estimate given in the following lemma which was ob-
tained in [11] in the framework of general metric measure spaces setting; we
give its another proof for the sake of completeness. This estimate serves better
o < |B(£L‘,T)|%B, with

p(-

for our goals than the known ([6]) estimate H XB(ar)

1 - __1 [ dy
PR |B(zr)] Ble) p(y)

Lemma 6. Let 2 be a bounded open set in a metric measure space (X, d, )
where the measure u satisfies the lower Ahlfors condition uB(x,r) > cr®, § > 0,
and let p(-) satisfy the log-condition on ). Then

Yo, < € Bl ] (23)

p(:
with C > 0 not depending on x € Q and r > 0 (for small r one may take

As
C =e?, where A > 0 is the constant from the log-condition).

Proof. Let x € Q and 0 < r < dg. Since p(-) is log-Holder continuous and the
lower Ahlfors condition holds, it is easy to check that

p(y)

Z uBla,r) < [uBe, ] < CuBl,r) (24)

for all y € E(x,r), where C' > 1 does not depend on z, y and r. Hence for
C; = C»- we have

dp(y) du(y)
~/ C’f(y) [MB(QZ,T)]% §~/ uB(x,r) <1

B(z,r) B(z,r)
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Then

|50 =inf {n >0 / P du(y) < 1} < Cy [uB(x,r)]7. O
B(z,r)
Lemma 7. Let Q be bounded, 0 < XN(x) < n and 0 < p(z) < n. Ifp(-) and
q(+) are log-Hélder continuous, p(z) < q(z) and

p(-)

n—Az) _n—pu(z)
p(z) = q(x) )
then
LIOHO(Q) s LPOAO(Q), (26)

Proof. Let || f||,.),) < 1. This is equivalent to assuming that Iy().)(f) <1
(see Lemma 2). We have to show that I,y (f) < C for some C' > 0 not
depending on f. Let x € Q and r € (0,dq). Applying the Holder inequality (6)

with the exponent p;(z) = f%, we get
o / [f) P dy < 202 PO 5l Hxé(m o @D
B pl( ) pl( )
B(z,r)
By Lemma 6 we have
(z
HXE(.% r) < CTTL(li%)’ (28)
7P ()
For the norm ’ fp(')xg(x My we have the estimate
’ p1(
. _aw)
‘f”(')xmm) 0 me{n >0: / | F ()" s dy < 1}
»lpa (-
B(z,r)
< AP pH@, (29)
where A is the constant from the inequality
%Tz%zs < 5 < Ari (30)

(A > 1 not depending on z, y, 7). Indeed, by (30),

1~ q(y)
T 2(2) 1 7 ply) _ _ p@)p(z) q(y)
/ (|f(y)| [AP+ ru( )q(ﬁ):| ) dy < / <A 1 |f(y)| r q(ac)p(y)) dy

B(z,r) B(z,r)

< P C) / ‘f(y)|q(y) dy <1

B(z,r)
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which proves (29). Making use of estimates (28) and (29) in (27), we get

/ 1f(y) P dy < CrH@)*%[w(xn’

B(z,r)

which is dominated by 7#(® under condition (25). Then I, (f) < ¢, with
¢ not depending on x and r. Therefore ||f|, ), < C (see Lemma 2), which

proves embedding (26).

To complete the proof, it remains to note that estimate (30) is a consequence

of the log-Holder continuity of %. O

4. THE MAXIMAL OPERATOR IN VARIABLE EXPONENT MORREY SPACES

Following the notation above we put A, := esssup A(x). In the sequel we
e
suppose that

0<Az) <Ay <n, xe€l (31)
For the constant exponents p(x) = p and A(z) = A the following theorem was
proved in [4].

Theorem 2. Let Q) be a bounded open set in R™. Under conditions (31), (8)
and (9), the mazimal operator M is bounded in the space LPO)A)(Q).

Proof. We have to show that
L (Mf) <O forall f with |[fllca0) < (32)

where ¢ > 0 and C' = C(c) does not depend on f. We continue the function f
by zero beyond the set €2 whenever necessary, and obtain

p(y)

[ sy ay = [ (00 ) e i
B(z,r) R"

Since € is bounded, || f||,.x > ¢|| f]l, with some ¢ > 0 depending only on dg and
Ay. Then the pointwise estimate (10) is applicable, which yields

| pswrva<c| [ [M (|f(->|’55—'))]p_><g<m,ﬂ<y)dy+ [t
B(z,r) Q Q

By the Fefferman—Stein inequality (for constant p € (1,00))

Jatgwriwas < [ gwr o) ay

valid for all non-negative functions g, h (see [9]), we get

| oty ay <o | [ 1P, o dy+
B Q

B(z,r)
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The following estimate is known

4n ,rn
M x,r < —, ,Y € Rn, > 0,
XB(,)(y) (’QZ—y’—i-T)n T,y r
see [3], Lemma 2. Therefore
| sy ay
B(z,r)
s | f(y)[P® N
< c( [ swrvaeys [ SO
B(x,2r) I=L B2+ 1\ B,277)

> )
<C (Wﬂ) +y St r”) < C (M@ ) < O]
< > o < <

= @ +1)

which proves the uniform estimate I,y x)(f) < C and completes the proof. [
Let M* be the sharp maximal function defined by

1
M* = o — /B
Je) = s rm ) / 76 = fan|
B(z,r)
where 1
- e z)dz
fB(:v,r) ‘B(QZ,T” ~/ f( )
B(z,r)

is the mean value of f over E(a:,r). From the boundedness of the maximal
operator M and the pointwise inequality

Mif(z) < 2M f(x), =€ Q,
we can derive the following statement.
Corollary 1. Under the same conditions of Theorem 2, the sharp maximal
operator M* is bounded in LPO)A0)(Q).
5. POTENTIAL OPERATORS IN VARIABLE MORREY SPACES

Below we need to assume that a(-) also satisfies the log-condition

C 1
- <—F -y < ,y € €L 33
|a(x) a<y)’_—ln]x—y|’ v —yl=5. 2y (33)
The next theorem in the case of constant p and « was proved in [1].

Theorem 3. Let Q be bounded. Under conditions (8), (9), (33) and the
conditions

in{f)a(m) >0, sup[Az)+ a(z)p(z)] <n, (34)
ze zeQ
the operator IV is bounded from LPOAO(Q) to LI (Q), where ﬁ = ﬁ -

a(z)
n—\(z) "
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Proof. Let || f|lp)a¢) < 1. As always, we continue the function f by zero beyond
the set 2. We use the standard decomposition

I ( / / ) )z —y|* @D dy = F(z,r)+Cla,r). (35)

(z,2r) R”\B(z,2r)

The pointwise estimate
|F(z,7)] < Cro@Mf(x) (36)

with a constant C' > 0 not depending on f and x is well known in the case of
constant « and is also valid for variable a(-), under the condition inf a(x) > 0

e
(see [20], formula (56)). For G(x,r) we have

. A(z) A(z)
Gla,r) < C Z [ @l ey ay,
B(:p 25410\ B(z,297)

N

where the series turns out to be a finite sum Z for any fixed » > 0, with
-1

N = N(r) tending to infinity as r — 0. Since the set Q is bounded and p(-)
satisfies the log-condition, we also have

) () ng A
o) <CZ [ vwi@n ey, e
B(x 25+ 1)\ B(z,297)

Applying the Holder inequality, we get

|G (z,7)|
z) /\(:t
<C H a(z ( ) ‘ 2j (38
Z o~ P ey (38)
The factor [|(27 r)fi ~is uniformly bounded. Indeed, to see this,
p(-),B(z,2711r)

in view of (4)-(5) it suffices to show the boundedness of the corresponding
modular, i.e. that

NED)

1) ((er)_mfx(g(x,gmr)) < C < o0,

which is valid, since

)\z)

Loy (@) x(parn ) < (27717) / F@)IPW dy < C < oo
B(z,2i+1r)
by the definition in (13). Therefore, from (38), by Theorem 1 we obtain

o0
A(z) n—A(z)

(G(a,r)| < O D (20r)" 50 < @ e (39)

Jj=1
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where the series defining Cy = C4 Z 27U g = 1r€1£[n — AMz) —a(x)p(z)] > 0,
j=1 *

is convergent.
Thus, from (36) and (39) we have

—A(z)

12O f ()] < Cro@M () + Cor®@ 50

__»(@)
Minimizing with respect to r, at r = (M f(z)) A we get

190 f(2)] < e (Mf(x)) .

Hence, by Theorem 2, we have

/ }[a(.)f(yﬂq(y) dy < ¢ / (Mf(y))p(y) dy < C,,)\(ac)7
B(z,r) B(z,r)
which completes the proof of the theorem. O
The statement of the following corollary in the case of constant exponents
p, A and « is known, see [8], Lemma 4, and [2], Corollary 4.4. Note that in the

case of constant p, A and «, the norm equivalence of I*f and M“f in Morrey
spaces is also known, see [2].

Corollary 2. Under the assumptions of Theorem 3 the fractional mazximal
operator M) is bounded from LPOX)(Q) to LIDAN(Q).

Proof. The result follows from Theorem 3 in view of the pointwise estimate
MV f(z) <cI®O(f)(z), 0<alz)<n, (40)

where ¢ > 0 does not depend on f and z. This inequality, well known for
constant «, is also valid for variable a(z) with

1— a(x)

n n
c=sup | —— < 00
zeQ (|S”_1|> 7

where S"~! is the unit sphere in R”. To prove (40), we observe that I°C)(| f|)(x) >

Ik —|x|f;|n oy for any x € Q and r > 0. Since |B(z,r)| = |Snn ‘r” we have

E(x,r)
a(z)
1 no \'Tm |f(y)]
rB@WW°@~/‘”@W@S(an) ~/ 2~y ¥

B(z,r) B(z,r)
whence (40) follows. O

The following statement holds by Theorem 3 and embedding (26).

Theorem 4. Let the set S be bounded and p(-) satisfy conditions (8) and (9).
Assume also that a(-) and X(-) are log-Hélder continuous and condition (34)
is satisfied. Then the operator IV is bounded from LPOAO)(Q) to LIO+0)(Q),
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where q(+) is any exponent satisfying log-condition (9) and the condition 1 <

q(z) < n_ﬁgﬁ;};ﬁ}(x)}, and () is defined by the condition

n—pu(x) n—Nz)

@
In particular, one may take
1 1 ak n o) = nA(x)
@ p@ o M T e “

For constant exponents the statement of Theorem 4 in the case of (41) may
be found, for example, in [4] (see Corollary on page 277).

Similarly to Corollary 2 we derive the following result.
Corollary 3. Under the assumptions of Theorem 4, the fractional maximal
operator M) is bounded from LPOAO(Q) to LIO+0)(Q),
6. POTENTIAL OPERATORS: THE LIMITING CASE

In this section we study the limiting case in (34), that is, we consider the
critical exponent

n— A\x)

a(r)

Theorem 5. Let §) be bounded, p(-) satisfy conditions (8), (9) and insf) a(x) >
re

0. In the case of exponent (42) the operator M") is bounded from LPOAC)(Q))
to L>(9Q) :

p(z) = (42)

1M°0 flloo < C N Fllpeya0)- )

Proof. Let x € Q and r > 0. By the log-condition, property (20), the Holder
inequality and estimate (23), we get successively

. ate) Mo) A
! / F)ldy = | B, r)] " / P35 R | f () dy

B(z,r) B(z,r)

a(x)
| B(,r)|

a(z)il A=) 7&
< C[B(x,r)| =~ r@ roee) | f(y)l dy

B(z,r)
A(z)

’]"_ p(+) f Xé(l‘,'r)

Az
< O @i

XB(z,r
p()H B(z,r) ()
1

alz)—nt+ 22 !
S C’T’ () Jrp(m) Hf||p(,)7)\(.) |B(x,7”)|” (=) S C Hf”p(')%“')' O

Remark 2. Since the set  is bounded, inequality (43) obviously holds also

in the super-critical case p(z) > n;&(;ﬁ)

In the limiting situation, the mapping properties of the Riesz potential oper-

ator 1) and the fractional maximal operator M") are slightly different. For
constant exponents, it is well known that a result similar to Theorem 5 holds for
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I* only if we replace L>°(Q) by the space BMO = {f : M*f € L*>} equipped
with the norm

1£llzaro = 1M floe
(supposing that we do not distinguish functions differing by a constant).

The similar LPOAC) — BMO-boundedness holds also in the variable expo-
nent setting. In the case of constant exponents this was proved by S. Spanne
and published in [19] (see Theorem 5.4 in [19]). To extend this boundedness to
the case of variable p(-) and A\(-) we make use of the pointwise estimate (see [1],
Proposition 3.3)

MYI*f)(x) < cM®f(x), x €. (44)

Then from (44) and Theorem 5 the following statement follows immediately.

Theorem 6. Let AM(z) > 0, 0 < a < n, supA(z) < n — «a, and let p(z) =
e

%(x). Then under condition (9) the operator I* is bounded from LPOAO)(Q) to
BMO(9).

Remark 3. Within the framework of variable exponent spaces the result of
Theorem 6 seems to be new even in the case of variable Lebesgue spaces, that
is, in the case, where A(z) = 0.
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