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Abstract. A famous dominated compactness theorem due to Krasnosel’skii
states that compactness of a regular linear integral operator in LP follows
from that of a majorant operator. This theorem is extended to the case of the
spaces LPU )(Q, 1, 0), pfd < oo, with variable exponent p(-), where we also
admit power type weights o. This extension is obtained as a corollary to a
more general similar dominated compactness theorem for arbitrary Banach
function spaces for which the dual and associate spaces coincide. The result
on compactness in the spaces Lp(')(Q,p,, 0) is applied to fractional integral
operators over bounded open sets.
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1. Introduction

A well known theorem of Krasnosel’skii, see [12,13], states that if a linear integral
operator Ko with a positive kernel o (z, y) is compact in LP, then the same is valid
for any linear integral operator with the kernel IC(z, y) satisfying the condition

Kz, )| < Ko(z,y) - (1.1)

In relation with various questions of operator theory within the frameworks of
variable exponent Lebesgue spaces LP(") (€2, o) there arose a necessity of extension
of Krasnosel’skii’s theorem to the case of weighted variable exponent Lebesgue
spaces LP(")(Q, p). We refer to surveying papers [6,8,18] on operator theory and
harmonic analysis in such spaces in general, and to the paper [9] where the com-
pactness of potential operators in variable exponent spaces was proved.

Observe that a study of compactness of operators in variable exponent Le-
besgue spaces LP ')(Q, 0) may be made also via interpolation of the property of
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compactness, at the least in non-weighted case. An extension of the well-known
theorem of M. A. Krasnosel’skii [11] on the interpolation of the compactness prop-
erty in LP-spaces to the case of variable p(z) was proved in [17].

In some applications, Krasnosel’skii type theorem on compactness, based on
straightforward comparison (1.1) of kernels, is more direct. We give an extension
of this Krasnosel’skii’s theorem in the context of more general setting of Banach
function spaces (BFS). We refer to [2] for BFS. Note that the study of various
problems related to compactness of operators in Banach function spaces has a
long history, we refer e.g. to the paper [16] and books [15,20].

As a corollary, we obtain such an extension for variable exponent spaces
et )(Q, o) with a power type weight. The latter is used to show the compactness
of potential type operators in these spaces.

The main results, at the least from the point of view of further applications,
are given in Section 4, in Theorems 4.1 and 4.5, in terms of weighted generalized
Lebesgue spaces LPC) (€, o) with variable exponent. However, Theorem 4.1 is ob-
tained as a corollary to a more general Theorem 3.12 (dominated compactness
theorem), proved in Section 3 for arbitrary Banach function spaces, for which the
dual and associate spaces coincide. Section 2 contains necessary preliminaries.

The authors are thankful to the anonymous referee who called their attention
to the paper [14] on the difference between continuous and absolutely continuous
norms in Banach function space, and his comments which helped to improve the
presentation in the paper.

2. Preliminaries
Let (€2, 1) be a measure space and M(£2, 1) a space of measurable functions on (2.

Definition 2.1 ([2]). A normed linear space X = (X(, u), | - ||x) of functions f :
Q — R is called a Banach function space if the following conditions are satisfied:
(P1) the norm || f]|x (0 < f]lx < o0) is defined for all f € M(, u);

(P2) ||fllx = 0if and only if f(x) =0 p-a.e. on §;

(P3) [[fllx = [[f]lIx for all f € X;

(P4) if E C Q with pFE < oo, then [|xgllx < oo;

(P5) if f, € M(Q, ) and 0 < f,, T f pa.e. on Q, then

([ fnllx T 1Al

(strong Fatou property);
(P6) given E C Q with uFE < oo, there exists a positive constant C'g such that

[E F@)ldulz) < Ol flx.

The fundamentals of Banach function spaces can be found in [2].
In what follows, the set  will be always assumed to be a finite measure set,
ie., p()) < oco.



Dominated Compactness Theorem 3

The property of Banach function spaces given in Lemma 2.2 is known, see [2,
p. 6 and 4], its proof being direct: let foo = s-lim f,,, then by (P6) we have

p({z € Q: | foo(x) = fulz)| > €}) < %/ | foo () = fu(x)|dp(z)
Q

Co
< ?Hfoo_anX—)() as n — 00.

Lemma 2.2. Let X be a Banach function space with uf) < co. Then strong conver-
gence implies convergence in measure.

Definition 2.3. We say that a function f € X possesses absolutely continuous norm,

if
lim ||P =0
#(D)QOH D fl
where
x), x€D;

By X we denote the set of all f € X which have absolutely continuous norm.
Observe that in the case X* # X, the space X® is not a Banach function space, as
shown in [14] (in [14] it is shown that any (closed) subspace of a Banach function
space is not a Banach function space). In the case X* = X we say that the space X
has absolutely continuous norm.

Lemma 2.4 ([2, p. 16]). The set X* is a closed subspace of X.

Definition 2.5 ([2]). We define the associate space X' of a Banach function space X
as the set of all measurable functions g € M(Q, u) such that the following norm
is finite

gl = sup{ [ Vsslas 1 €.l < 1}. (2.1)

Lemma 2.6 ([2]). The dual Banach space X* of a Banach function space X is
isometrically isomorphic to the associate space X' if and only if X* = X.

3. Dominated compactness theorem in Banach function spaces

3.1. General preliminaries

Definition 3.1. A family X of functions in the space X is said to have equi-absolutely
continuous norms, if for any € > 0 there exists d(¢) > 0 such that u(D) < d(¢)
implies the inequality ||Ppf|lx < e for all f € X.

Definition 3.2. A bounded linear operator T : X — Y is compact in measure if the
image {Tu,} of any bounded sequence {u,} of X contains a Cauchy subsequence
with respect to measure, i.e., if [|u,||x < C, then there exists a subsequence {u,, }
such that Ve > 0,V§ > 0, there exists an N (e, d) such that

py ({5 € Q: [Tup, (s) = Tum,(s)| >e}) <6 forall ng,my > N(e,0).



4 H. Rafeiro and S. Samko Comp.an.op.th.

The following theorem is a kind of version of the known statements from [16]
and [13], see also [2, p. 31]. We give its proof for the completeness of the presen-
tation.

Theorem 3.3. Let X and Y be Banach function spaces and T a bounded linear
operator acting from Y into X®. The operator T is compact if and only if it is
compact in measure and the set {Tf : ||flly < 1} has equi-absolutely continuous
norms.

Proof. Let T be compact. By Lemma 2.2, we only need to check the equi-absolute
continuity of the norm in the set {Tf : ||f]ly < 1}. Assume, to the contrary, that
there exists a sequence of f,, € Y belonging to the unit ball and a sequence of
sets D, C Q such that u(D,) — 0 when n — oo and ||Pp, T fn|lx > €0 > 0 for
all n. By the compactness of T', there exists a subsequence {f,, } of {f,} such
that || T fn, — gllx — 0 when n — oo, with g € X, thus ||T'f,, — gllx < €0/2 for
ny > Ni. By the fact that each function 7' f,, has the absolutely continuous norm,
by Lemma 2.4 g has absolutely continuous norm as well, thus || Pp, g||x < €o/2 for
n > Np. Then for nj > max{Ni, Na}, we have ||Pp, T fy,[lx < €o arriving at a
contradiction.

Let now T be compact in measure and the set {T'f : || f|ly < 1} have equi-
absolutely continuous norms. Given ¢ > 0, define g9 as 0 < g9 < &/(2 + pf2). For
any such gy > 0, by the equi-absolute continuity of norms, there exists d(go) > 0
such that for all the sets D with p(D) < (o) we have | PpT f||x < €0 whenever f
belongs to the unit ball of Y. Let || f,|[x < 1. We denote E,, ,,(¢) = {s € Q :
|Tf(s) = T fm(s)| > €}. By the compactness in measure of the operator 7', there
exists { fn, } and N(eg,d(g0)) such that

1(Enymy (€0)) < 6(e0) when  ng,my > N(e0,6(c0)) -
Then we have

1T fr, = T foillx < 1Py, o, co) (T fre = T i) llx
+ 1Po\En, 1, (c0) (L frie = Tfimi)lIx

<NPr,, o) T Trillx + 1P, 1, (e0)T frnlIx + €042

< eo(2+ pf2)

<e
which proves the compactness of T'. O
Theorem 3.4. Let X and Y be Banach function spaces and T be a bounded linear
operator acting fromY to X®. The operator T is compact if and only if it is compact

in measure and

lim ||PpT|ly—x=0. (3.1)
w(D)—0

Proof. “If” part. By (3.1) the range of operator T' on each ball has equi-absolutely
continuous norms. Then the result follows from Theorem 3.3.
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“Only if” part. By Theorem 3.3, T' is compact in measure. Suppose, to the
contrary, that (3.1) is not valid. Then there exists a sequence {f,} of functions
with || fnlly < 1 and a sequence of sets D,, with measure converging to zero as
n — oo such that

|1Pp,Tfnllx >e0>0, VneN, (3.2)
which contradicts the equi-absolutely continuity of the norms of the elements {7 f :
I fllv <1} O

3.2. Regular operators

In this section, when extending the Krasnosel’skii theorem on compactness of
regular integral operators in L? to the case of arbitrary Banach function spaces,
we mainly follow ideas of book [13]. We consider linear integral operators of the
form

Kf(x) = / K(z,9) f (w)duly) (3.3)

where it is always assumed that the kernel IC(z,y) is measurable and integrable
in y on 2 for almost all = € Q.

Definition 3.5. An operator K acting from a space X into a space Y is called a
regular linear integral operator from X to Y, if the operator |K| defined by

Klf(e) = [ 1Ko 0)|f(5)duty)
Q
is bounded from X to Y.

Definition 3.6. Let ¥ be a linear subspace of the space X*. A sequence {xz,} € X
is called W-weakly convergent, if, for each 1) € ¥, the sequence {1 (z,,)} converges.

Lemma 3.7. Let ¥ be a linear subspace of X*. If U is separable, then X is ¥-weakly
compact.

Proof. We wish to prove that given { f,,} with || f,,|| < 1, there exists a subsequence
{fn:} such that {¢(f,,)} is a Cauchy sequence, where ¢) € U.

Such a subsequence may be constructed inductively, basing on the fact that ¥
is separable, so that it has a countable dense set

D = {1, 02,03, -, Py}

First, we note that given a linear functional ¢y € X* and a sequence {f,} in the
unit ball of X, there exists a subsequence {f,, } such that {¢)(f,,)} is convergent.
(Just note that the set {1(f,,)} is a bounded set of R! and use the Bolzano—
Weierstrafl theorem). Then from {f,} we can find {f}} such that {¢1(f})} con-
verges. From {f!} we find a subsequence {f2} such that {y2(f2)} converges and
similarly, we can find {f*}, a subsequence of {f*~'}, such that {¢(f*)} con-
verges, ad infinitum; by Cantor diagonal process we choose the subsequence {, },
ie., {s0,} = {f}}. Note that, for any i € D, {¢k(35,)} is convergent.
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Finally, given £ > 0 choose from ® an appropriate ¢ such that || — oy || <
/3, and an appropriate M such that n,m > M implies |pn (36,) —on (36m)| < /3,
then we have:

[h(3n) — V(3em)| < [ (3n) — N ()| + [N (380) — PN (32m)]
+ o (8m) — Y (50m)|
<2\ — pnll +¢/3
<e. (]

Corollary 3.8. The space Loo (2, 1) is Li-weakly compact.

Proof. Indeed, it suffices to mention that Li(€, ), a subspace of L% (9, p), is
separable. O

Theorem 3.9. A regular linear integral operator K acting from Lo into a space X*
18 compact.

Proof. Let u(z) = [, |K(z,y)|du(y). Since K is a regular operator from Lo into
X%, we have u € X% Then |K|f(x) < u(x)||f|loo for all f € L. By the properties
of the norm, we obtain

I1PDK| Lc—x < [[Ppullx
thus proving that

#(ILI)I)ILO IPpK]|r.—x=0. (3.4)
For almost all z € Q, the functional

Fo(f) = /Q K (2, 9) f () duly)

is a continuous linear functional on Lo, for those x when u(z) is finite. Since Lo
is Li-weakly compact by Corollary 3.8, from each bounded sequence {f,} in L
there may be derived a subsequence {f,, } such that F}(f,,) converges for almost
all x € Q, that is, the sequence of numbers K f,,, (z) converges, which implies that K
transforms each ball in L into a set of functions compact in measure. By (3.4)
and the compactness in measure, the result follows from Theorem 3.4. O

Theorem 3.10. Let X = X*. A regular linear integral operator K acting from a
space X into Ly is compact.

Proof. By the Schauder theorem on the compactness of the dual operator, see [5,
19], the required compactness is equivalent to the compactness of the operator K*
from L, to X* = X'. According to Theorem 3.9, it suffices to check that the
operator K* acts boundedly from Lo, to (X')®. This is valid, if the operator K is
bounded from [(X")?]* to Ly. The latter holds by the assumption of the theorem,
since it is known that [(X")*]* = (X'), see [2, p. 23, Corollary 4.2], and X" = X,
see [2, p. 10, Theorem 2.7]. O

Theorem 3.11. Let X = X®. A reqular linear integral operator K acting from a
space X into a space Y is compact in measure.
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Proof. This follows from the fact that K acts from X% into L;. Then by Theo-

rem 3.10, the operator is compact and therefore, it is compact in measure. 0
Let
Kof (@) = [ Kola)f5)duu). Kof) 0. (35)
In the case
Kz, y)| < Ko(w,y),  (2,y) € 2xQ, (3.6)

we say that the operator Ky is a majorant of the operator K.

Theorem 3.12. Let X = X®. Let condition (3.6) be fulfilled and suppose that the
operator Ko acts from a space X into a space Y® and is compact. Then K is also a
compact operator acting from X into Y.

Proof. We have
lim ||PDK||X—>Y— lim sup HPDK.]CHY

w(D)— w(D)=0 | flIx<1
< lim sup PpK
L, Sup [ PoKo(|fDlly
< (11111 HPDKO”X—N—O
(D

Then the operator K is compact in measure by Theorem 3.11. Therefore, its
compactness follows from Theorem 3.4. O

4. Application to variable exponent Lebesgue spaces

Let © be an open set in R™ and du(z) = dz the Lebesgue measure. The variable
exponent Lebesgue space LPC)(Q), where 1 < essinf,eqp(z) < esssup,cqp(z) <
00, is the set of functions for which the following modular

- / (@) P@ da
Q

is finite. This is a Banach function space with respect to the norm

I f ||p(.):inf{/\>0:I,, (%) < 1},

see [7]. The modular I,(f) and the norm || f||,.) are related to each other by
IAlgcy < Io(F) < M1 Flpc- (4.1)

where

oo essinf,cqp(x), Hpr(.)Zl; and essinf,cq p(x), Hpr(.)gl;
esssup,cap(@): Ifln-) < es35Dpep(@), £l > 1.

The basics on the spaces LP(")(Q) may be found in [10].
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In the sequel we assume that p(z) satisfies the following standard conditions
<

1 < essinf p(z) < p(x) < esssupp(z) < oo (4.2)
zeQ e
and
p(@) ~pw)| € — eyl <5, ayen (43)
) =Pl < —p— lrovlsg, wy el :
The continuous imbedding
LP@ ey 7@ 1 < p(2) < p(z) < esssup p(x) < 0o (4.4)
€N

is valid if |Q] < cc.

By ¢(x) we denote the conjugate exponent: ﬁ + ﬁ =1

Let o be an almost everywhere positive integrable function, called weight.
The weighted variable exponent Lebesque space LP( ')(Q, 0) is defined as the set of
all measurable functions for which

1o .0 = lefllpc-) < oo

The Hélder inequality holds in the form

/Q f(2)g(w) dx

< k||f||Lp('>(Q,g)||9HLq(')(Q,l/g) : (4.5)

We deal with the class W,,.)(Q2) of weights related to the exponent p(x) in
the following way. We say that ¢ € W,(.y(Q2), if ¢ is a finite product of power
weights of the form

N
o@) =[]z —=xl®, zeq, (4.6)
k=1

where
n n
———— << ——, k=1,2,...,N. 4.7
peo <% g o
Theorem 4.1. Let K and Kq be regular linear integral operators as defined in (3.3)
and (3.5), acting from LP*C)(Q, 01) into LP2C)(Q, 09), where |Q| < oo, let pi(-)
and p2( ) satisfy conditions (4.2)~(4.3) and o; € W), (1(Q),j = 1,2. If

|K($a t)| < IC()(QT, t) )

and the magjorizing operator Kq is compact from LP*C)(Q, 01) to LP2(C)(Q, 05),
then the operator K is also compact.

Proof. The statement of the theorem follows from Theorem 3.12, since LPi (") (Q.05)
(j = 1,2) are Banach function spaces with absolutely continuous norms. The latter
follows from Lemma 2.6, since for the case of variable exponent Lebesgue spaces
the associate space and dual space coincide under the assumptions of the theo-
rem. (]
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From this theorem we will derive a statement on compactness of potential
type operators in weighted variable exponent Lebesgue spaces. To this end, we
first need Lemma 4.3 below, in which we approximate integral operators

Kf(z) = /Q K(e.y)f(w)dy, = €9, (48)

by similar operators K, f () = [ Km (2, y) f (y)dy, with degenerate kernels /C,, (, )
of the form

Kon(z,y) =D ar(@)bi(y). (4.9)
k=1

We also make use of the following fact for the mixed norm spaces.

Remark 4.2. Let Ay, C Q be pairwise disjoint bounded open sets and let By C
satisfy the same property. Functions of the form

k=1

where Oy = const, are dense in every mixed norm space LT[LP](©2 x Q) for all
the constant exponents P and Q,1 < P < 00,1 < @Q < oo. We refer to [1,3,4] for
mixed norm spaces.

Lemma 4.3. Let Q be a bounded open set, let p € C(Q),1 < p(x) < P < o0
and 9 € Wy(1(Q) and let K(x,y) € L>(2 x Q). Then there exists a sequence of
bounded operators K,, with degenerate kernels ICp, (x,y) of form (4.9) such that

||K_Km”m(‘)(Q7Q)HLP<')(Q7Q) —0 (4.11)

as m — oQ.

Proof. Without loss of generality we can consider a single weight
o(x) = |z —wo|”.

(The case of the products of such weights is reduced to the case of a single weight
by the known standard arguments with the unity partition 1 = "), wy(z), where
the C'*°-functions wy () are supported in a neighborhood of the point z; and are
identical zero in neighborhoods of other points z; with j # k).

To find the approximations K., (z,y), we proceed as follows. By Holder in-
equality (4.5), we obtain

1
(K~ Ko f@)] < ellof . HE[’C“’ )= kute | (1.12)
N
and then
1
106 = Kl s < W lancrn [0 (6 =K (4.13)
e Q(') p()
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Let Bs = Bs(xo) = {z € Q: |z — x0| < ¢}, where § > 0 will be later chosen
sufficiently small. We find it convenient to introduce the notation

M =0\Bs, Q=Bs, Q=QxQ;, ij=12

and
P, =supp(x), Q1 =supgq(z),
€N zEeQ
Py = sup p(z), Q2 = sup g(z).
r€Bs r€Bs

We split the weights

XQz(y) (414)

o(z) = c(x)xa, (z) + o(x)xa, () and —— =d(y)xa, (¥) +

where ¢(x) and d(y) are bounded functions.
According to the splitting in (4.14), from (4.13) we have

K = Kon) fll Lo (0.0) < €llf e o) <HII(’C = Kl @l ocr @y

1
+1= (k= K
[5c -

La(") (Q) Lo ()

+ ||Q||(’C - Km)”LQ(')(Ql)HLP(')(QQ)

Lr()(Q2) )

||]K - Km”[,p('>(Q,g)_>Lp('>(Q,g) < CHH(IC - ICm)HLQl(Ql)HLPl (1)

.

Lq(')(Qz)

By imbedding (4.4) we then obtain

1
+ H_ (IC - Icm)
0 L9202 || r (@)
+ ||ell(K = Kl o1 oy ||LP2(92)
1
+ 0 H - (IC - Km)
¢ LO2(@) || Lr2(qy)
Under the notation
K(x,
K2, y) = Ko o)xen @xen (0). K2(0.y) = ;(yf) Yo (@)X (0)

K1 (2, y) = o(e)K (@, y)xas @)xen (1), K2(y) = %’C(%y)mz (2)xs (9)
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and similar notation for k% (z,y), this turns into

2
IK =Kl o) @,0)— 10 (0,0) S € Z 1% — k%”LQa‘(Qj)HL&(Qi) - (419)
ij=1
Since ¢ € Wy(.1(Q2), we have —30e7 < Po < iy By continuity of p(x) we may
choose § > 0 sufficiently small so that
n n
—— < < —. 4.16
o<t (116)
Then
kY (a,y) € LT [L])(Q x Q)
which was the main goal of the splitting we made. Therefore, by Remark 4.2
every function k% (x,y),4,j = 1,2, may be approximated in LT [L%](Q; x Q) by
degenerate functions of form (4.10). We chose k% (x,y) as these approximations.
Then

2
Z 1% — k%HLQﬂ'(Qj)HL"i(Qi) —0

i,7=1

as m — oo and we arrive at (4.11) under the choice K, (x,y)

Ko (z,y) = kb (2, 9)x0, (@)xa, (1) + o)k (2, 1) xa, (2)xa, ()

%an (z)xa, (y) + %’“f (@ y)x0 ()Xo (y) . O

Corollary 4.4. Let Q, p(x) and o(x) satisfy the assumptions of Lemma 4.3. Integral
operators with bounded kernel are compact in LPC)(Q, o).

Theorem 4.5. Let
ol - Az, y
(IA( )w) (z) Z/Q#w(y)dy,

&yl
where £ is a bounded open set. Under the conditions

A(z,y) € L2 x Q) and «p :=ess iélfa(y) >0
ye

the operator IZ(') is compact in the space LPC) (S, 0), if p(x) satisfies assump-
tions (4.2) and (4.3) and 0 € Wy.1(9).

Proof. In view of Theorem 4.1, it suffices to prove the compactness of the operator
If{(') with A = const. Since € is bounded and essinfa(x) > 0, by the same
theorem we may also assume that a(y) = o = const > 0. The compactness of the

operator IX( ") with A = const and a(y) = ap > 0 under conditions (4.2) and (4.3)
was proved in [9] in the non-weighted case ¢ = const.
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The weighted case may be dealt with via Hedberg’s trick and Corollary 4.4.
We represent the operator/®® := I9°|4—; as

N |f(y)|dy |f(y)|dy
I1e° = LA A _WAIJITI
f@) /|| oy / @ yJao

=Acf(z) + B f(2) (4.17)

under the usual assumption that f(y) = 0 for y & Q. The operator B is compact
by Corollary 4.4. As is well known,

A f(x)] < ce™ (M f)(z). (4.18)
Therefore, by (4.18)
Hlao — B ||Lp( ) (92,0)—Lr()(Q,0) = ||A5HLP( ) (2,0)—Lr()(Q,0)
ce® || M| -

A

) —0
(2,0)—=LPCI(Q,0) <o

in view of the boundedness of the maximal operator in LP(*)(€, g), see [9], so that
1?0 is a compact operator as well.
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