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We consider generalized potential operators with the kernel W on bounded quasimetric measure space
(X, p, d) with doubling measure g satisfying the upper growth condition pB(z,r) < Kr™, N € (0, 00).
Under some natural assumptions on a(r) in terms of almost monotonicity we prove that such potential operators
are bounded from the variable exponent Lebesgue space L (‘>(X , i) into a certain Musielak-Orlicz space
L* (X, i) with the N-function ®(z, ) defined by the exponent p(z) and the function a(r). A reformulation of
the obtained result in terms of the Matuszewska-Orlicz indices of the function a(r) is also given.
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1 Introduction

The Lebesgue spaces LP(") with variable exponent have been intensively investigated during the last years. The
growing interest to this topic is connected with applications of this theory in problems of fluid dynamics, elasticity
theory and differential equations with non-standard growth conditions (see e.g. [38], [47]).

The spaces LP(") with variable exponent probably first appeared in the book of Nakano ([35]) as an example
of the modular spaces studied in this book. They are special cases of Orlicz-Musielak spaces, see [32] for these
spaces. We refer to [5] where the maximal operator was studied in the context of Orlicz-Musielak spaces.

A significant progress has been made in the study of classical integral operators in the context of the L?()
spaces. We refer to the papers [46], [27] for the basic properties of these spaces and to the surveying papers [6],
[20] and [42] for the development, up to 2005, of the study of maximal, potential and singular operators in such
spaces.

The spaces LP() on measure quasimetric spaces and maximal and potential operators in such spaces were
studied in [15], [16], [17], [19], [25].

In this paper we study - within the variable exponent setting - the generalized Riesz potential operators

alo(z,y)]

ACEL M

Lf(z) : = / K(e,y) F)duty),  Kley) =

over a bounded measure space X with quasimetric g, where N is the upper Ahlfors dimension of X. Under some
assumptions on the function a(g) we prove a Sobolev-type theorem on the boundedness of the operator I, from
LPC)(X) into a certain Orlicz-Musielak space.

* Corresponding author: e-mail: ssamko@ualg.pt
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2 M. Hajibayov and S. Samko: Generalized potentials

The generalized Riesz potential operators I, attracted attention last years, we refer in particular to [14], [33],
where such potentials were studied in Orlicz spaces in the case X = R" and Euclidean metric, and to [34] where
homogeneous spaces with constant dimension were admitted. We refer also to [37] for the study of the similar
generalized potentials in the Euclidean setting in rearrangement invariant spaces. For non-generalized potentials
(that is, for the case a(r) = r*,0 < « < n) on quasimetric measure spaces we refer to [7], [8], [9], [10], [11],
[12],[13], [21], [22].

For the case where X is bounded, we generalize the known results to the case of variable exponent p(x) and
admit upper Ahlfors-regular quasimetric measure spaces (see (2)). In the case of bounded space X, the obtained
result is valid under more general assumptions on a(r) that known even in the case of constant p and Euclidean
space.

The main results are formulated in Section 3 and proved in Section 4. Section 2 contains necessary preliminar-
ies. In Section 5 we reformulate the obtained result in terms of Matuszewska-Orlicz type indices of the function

a(r).

2 Orlicz-Musielak space and Lebesgue space with variable exponent

By (X, o, t) we denote a space with quasimetric ¢ and positive Borel regular measure p. We recall that the
measure /4 is called doubling if
uB(x,2r) < uB(x,r)

for every open ball B(z,r) = {y € X : o(z,y) < r}, with C' > 0 not depending on x and r.
The space X is called upper Ahlfors N-regular, N € (0, c0), if there exists a constant K > 0, not depending
onx € X and r > 0, such that

uB(z,r) < KrV @)

Everywhere in the sequel we assume that X is a bounded quasimetric space.
Following [32], p. 82, we use the following definitions.

Definition 2.1 A function ® : X x [0, 00) — [0, +00) is said to be an N-function, if

1. for every z € X the function ® (x, t) is convex, nondecreasing and continuous in ¢ € [0, c0),
2. &(x,0) =0, and @ (x,t) > 0 foreveryt > 0,
3. @ (x,t) is a u-measurable function of « for every ¢ > 0.

The integral

Mal(f) = / B, | f(2) ()
X

is called the modular.
Definition 2.2 Let ® be an N-function. The Orlicz-Musielak space L®(X) is defined as the set of all real-

valued p-measurable and p-almost everywhere finite functions f on X such that Mg (ﬁ) < oo for some

A > 0. This is a Banach space with respect to the norm

Iflle —inf{/\ >0: Mg (i) < 1}.

Mo (f) 1= |flle < 1. 3

Observe that
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In the case ® (x,t) = tP(*), where p : X — [l,400) is a u-measurable function, we obtain the variable
exponent Lebesgue space LP()(X'). We also use the notation

p(z)
11y =inf § 4> 03 [ (ff)') du(z) < 1

X

Variable exponent Lebesgue spaces LP() (X ) within the frameworks of quasimetric measure spaces were consid-
ered in [15], [16], [17], [19], [25]. We also specially refer to [S], where the spaces e (X)) were studied in the
context of Musielak-Orlicz spaces in the Euclidean setting.

Obviously,
e Py
£y < masd | [17@P@dute) || [ 5@ dut) | @
where
p_ =essinfp(z), py =esssupp(z) < co.
zeX zeX
In the sequel we suppose that p(x) satisfies the assumption
1 <p- <p(z) <py <400 ®)
and the ”"weak Lipschitz” condition
A 1
_ < Z 6
p (x) p(y)lf_lng(xvy), olz,y) < 5, (©)
IR )
where A > 0 does not depend on z,y. We denote p’(z) = P
p\r)—

In [16], Theorem 4.3, the following statement on the boundedness of maximal function

Mf@) = s B )
B(z,r)

If (v)dp (y)

in the Lebesgue spaces with variable exponent was proved.

Theorem 2.3 Let X be a bounded quasimetric measure space with doubling measure and the exponent p :
X — (1, +00), satisfy conditions (5) and (6). Then there exists a constant C' > 1 such that

||Mf||p() < C”pr(')‘

3 Main result

In our main result in Theorem 3.1, we suppose that X is a bounded quasimetric measure space with doubling
measure, upper Ahlfors N-regular, and denote d = diamX, 0 < d < co. Some of the auxiliary results will be
obtained without the assumption that the measure is doubling.

By Wy = Wy(]0,d]) we denote the class of continuous non-negative functions @ = a(r) on [0, d] such that
a(r) is almost increasing and lllr(l) a(r) = 0. We recall that a non-negative function a(r) defined on [0,d], 0 <

d < o0, is called almost increasing (almost decreasing), if there exist a constant C' > 0 such that

a(tl) S Oa(tg)
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4 M. Hajibayov and S. Samko: Generalized potentials

forall0 < t; <ty <d (0 <ty < ty, respectively).
In most of the statements in the sequel it is assumed that

d
a € Wo([0,d]) and /@dt < . @
0

In the main result (Theorem 3.1) the condition

a(r
—~ isalmost decreasingon [0,d] forsome 0 <A< — 8)
r b+
will be also used.
Our main result is the following theorem, where we make use of the notation

r

Ar) = / @dt.

0

Observe that a function ¢ € Wy is equivalent to A(r), that is, Cya(r) < A(r) < Csa(r), under the following
conditions:
a) there exists a § > 0 such that “j? is almost increasing,
b) there exists a A > 0 such that ar(:) is almost decreasing (it is obvious that \ > ).
It is known that for a € W, condition a) is also necessary for the validity of the inequality A(r) < Csa(r),

see [18], Theorem 3.1.

Theorem 3.1 Let X be a bounded quasimetric measure space with doubling measure, upper Ahlfors N -
regular, let the exponent p(x) satisfy conditions (5) and (6) and let a(r) satisfy (7) and (8). Then the operator I,
is bounded from LP)(X) into the Orlicz-Musielak space L® (X ), where the N-function is defined by its inverse
(for every fixed x € X)

u

(2, u) :/A(t*%)fﬁdt )

0

and a(t) is assumed to be continued as a(t) = a(d) forr > d.

Remark 3.2 The function ®~!(x, u) may be equivalently represented as

TA®d 1 [alt)dt [ alt)dt ,
(I)il(x’u):/ ()N ~ N /a() +/ a( )N , r=u N
@y ) t O]

which follows from the identity

oo

N 7A(t)dt_ 1 ja(t)dt+/a(t)dt
p(@) ) Matm pwe ) ot 5

T

obtained by the direct interchange of order of integration in the repeated integral.

Note that the statement of Theorem 3.1 is new even in the case of constant p: the corresponding result in
[34] was obtained under stronger assumptions on a(r). In the case where a(r) = 7 and p is constant, when
the corresponding Musielak-Orlicz space is the Lebesgue space L9 with % = % — & statements of the type of
Theorem 3.1 were earlier obtained in [21] (see also [22] and [7], Theorem 6.1.1) and in [8], [9], [11] (note that in

[21] there was also shown that the growth condition (2) is necessary for the validity of such a Sobolev theorem).
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Observe that for the case of non-generalized potentials and constant p the corresponding Sobolev theorem was
proved without the assumption that the measure is doubling. In the case of variable exponent p(z) we have to
impose this condition, because - up to authors’ knowledge - the boundedness of the maximal operator is an open
question without the doubling condition.

We give also a reformulation of Theorem 3.1 in terms of the upper Matuszewska-Orlicz type index of the
function a(r), see Theorem 5.2.

To prove Theorem 3.1, we use the Hedberg approach of estimation of potentials, adjusted for the case of
quasimetric measure spaces and variable exponents. The main difficulty is the estimation of the variable norms
of the kernel of the potential truncated to an exterior of balls. This estimation being trivial for the Riesz potential
in the case of constant exponents p and Euclidean setting (and standard in the case of constant exponents and
homogeneous spaces), becomes a more difficult task for the generalized potentials, even in the case of constant
exponents. In the case of variable exponents such an estimation, and consequently realization of the Hedberg ap-
proach, turns to be a heavy problem. In the case of the Riesz potentials this problem for variable exponent norms
was overcome in the Euclidean setting in [43], another way to realize Hedberg’s approach for variable exponents
was suggested in [26] for (non-generalized) potentials on Carleson curves. The variable norm estimation of the
truncated generalized potential kernels in the following subsection partially follows the approach of [43].

4 Proofs

4.1 Preliminaries

d
Definition 4.1 By Vy (., we denote the class of functions a € Wy([0,d]), 0 < d < oo, such that [ @dt <
0

oo and

d r —p'(x)

17 @ gt 1 t
sup sup / [CL(N)} — |- = /@dt < o0. (10)
zEX 0<r<d B t 7@ t

The power function a(r) = 7 belongs to the class Vy ., if and only if 0 < o < ﬁ. The following lemma
gives a sufficient condition for a non-negative function a(t) to belong to the class Vi p.).

Lemma 4.2 Let p(z) satisfy condition (5) and a(t) a non-negative function satisfying condition (8). Then
a(t) satisfies condition (10).

Proof. The proof is direct: under the conditions of the lemma on p(z) and a(t), the integral in the first

a(r)
N

rp(x)

p'(z)
parenthesis in (10) has an upper bound C' ( ) with C' > 0 not depending on x and r, and integral in

the second parenthesis has the same lower bound, the condition A < ﬁ being needed only for the upper bound

in the left-hand side parenthesis. O

Lemma 4.3 Let a(r) be a non-negative continuous almost increasing function on [0,d],0 < d < oo and let
the variable exponents \(x) and ~v(x) satisfy the assumptions

inf A(z) >0, supA(z) <oo and inf |y(z)| >0, sup |y(z)| < co.
zeX reX z€X zeX

Then

z [log, 4] i M) d @)
a(t) A g a (2 7“) a(t) dt
Cl/ [t’Y(m)] n < ]; W < C2/ LW(I)} e )
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6 M. Hajibayov and S. Samko: Generalized potentials

where it is assumed that a(t) satisfies also the doubling condition a(2t) < Ca(t) in the case where the right-hand
side inequality is considered for d < oo, and 0 < r < % in the left-hand side inequality and 0 < r < d in the
right-hand side; Cy > 0 and Cy > 0 do not depend on r and x.

Proof. Since a(t) is almost increasing we have

2k 2k

A(z) k A(z)
a(t) dt k1A @) Ma)v(z)—1 a(2%r)
2k—1p 2k—1p
Hence . ,
log, 4 - log, 4] 2°r - d-2~ .
[g}(mw)“)>0“ ] Mﬂ“)ﬁ_c a(t) 1M at
Z (2k7)7 (@) = Z (@) T (@) t
k=1 k=1 5’1, 4
where
6 = 6(r) = log, g — [10g2 ﬂ €1[0,1) (12)
and then
log, ¢ T %
[ & T] a(2k7") >‘( ) o C a(t) A(ﬂf) dt 13
Z (27 )7 (=) = (@) t (13)
k=1 4

To prove the inverse inequality, we again use the almost monotonicity of a(t) and have

2k 2k
Az)

a(t) dt k—1_\1M@) “A@)y(z)—1 k=1 ATA®) ok \—A(@)v (e
/[ﬂm} ?zc@@ r)] /t @Er@=1gt > O [a(28 )] (28r) A @),
2k—1p ok—1p

Therefore,

[Ing g] 2"r

P s oy E R C

k=1 k=1 o7y, Y

Since a(28~1r) > Ca(2*r), we obtain the right-hand side inequality in (11). O

Lemma 4.4 Let a(r) be a non-negative continuous almost increasing function on [0,d],0 < d < oo, let it
satisfy also the doubling condition a(2t) < Ca(t) in the case d < oo. If p : X — [0, 00) satisfy condition (5),
then

te’

Q(x7y)N t + C[a’(d)]p ) 0<r< d, (14)

alole )]\ [ al)
( ) u(y)C/[ &)

X\B(z,r)

where C > 0 does not depend on x € X and r € (0, d), which may be also written in the form

d
alofw,y 1)*"““ win<c [ a(t) r(“ dt 13
(22mil) ) < [l as)

X\B(z,r)
when 0 < r < %.
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Proof. We have

[1og, ¢]

() o - > (ALY g

X\B(=,r) 2k=1r<o(w,y)<2kr

(z)
alo(z,y)]\"
_ d =: F; F
o [ (SR ) = Al + R,
2-%d<o(x,2)<d

where Fy(x,r7) = 0 in the case d = oo and § = 6(r) is the same as in (12). For Fj(z,r) by the almost
monotonicity of a(x) we obtain

[10832 %] »(®) [1082 %] p(z)
Fi(z,r)<C Z [(1(2%)] (ZkT)N:CQNP(I) Z la(ri)] .

N _N
k=1 (2k_1r) k=1 (2’“]’) p’(z)

Then

t

d p(x) d
Fl(x,r)SC/{a(If)] t
tv @

by Lemma 4.3.
For F(z, ) we make use of the fact that ¢ < 27%d and obtain

alolz p(x)
Rens [ (M) duly) < Cla(@)P®
%<g(w,y)<d

which yields (14). The passage to (15) in the case 0 < r < g is obvious. ]

4.2 Estimation of the variable exponent norm of the truncated generalized potentials

We are interested in the estimation of the norm
Bp = Byl r) = K@ xx\Ban Ol as =0, (16)

alo(z,y)]

W, truncated to the exterior of the ball B(x, ). We will need this estimate with
o,y

p(z) replaced by the conjugate exponent p’(x) when making use of Hedberg’s approach.

of the kernel K(z,y) :=

We first prove a “rough” estimate in Lemma 4.5, which will be used in Theorem 4.6 to get a more precise
estimate which will suit well for our purposes.

Lemma 4.5 Let X be a bounded upper Ahlfors N -regular measure quasimetric space and p satisfy condition

(), let a(r) : (0,d) — (0,400) and let C;(—]C be almost decreasing. Then there exists a constant C' > 0, not

depending on x € X and r € (0, d), such that
By(x,7) < Cr~Na(r). 17)

Proof. By the definition of the norm we have

p(y)
K(gw)) duly) = 1. (18)
p

X\B(=,r)
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8 M. Hajibayov and S. Samko: Generalized potentials

Hence, taking into account that (- - - )P(¥) < (... )P~ 4 (-..)P+ and that &;\? is almost decreasing, we get
r

= [ ) G e

“[(42)+ (30) oo

p7
If % > 1, there is nothing to prove. When T“N(;)p < 1, we obtain 1 < 2u(X) (ﬁégp) , which proves the

estimate. O

Theorem 4.6 Let X be a bounded upper Ahlfors N -regular measure quasimetric space and p satisfy condi-

a(r)

tions (5) and (6). Also suppose that a non-negative continuous function a(r) is almost increasing and —N IS
T

almost decreasing on (0,d], d = diam(X) < oo. Then there exists a constant C > 0, not depending on © € X
and r € (0,d), such that

p(z)

By(x,r) < C ][“”rwdt e
p\L,T) = X[

N
7@ t

iR

() (19)

Proof. Since 1 < infx p'(x) and supy p’(z) < oo, the right-hand side of (19) is obviously bounded from
below by a uniform constant. Therefore, it suffices to estimate the norm G, (z,r) when 5,(x,r) > 1 and 0 <
r < 1 (the latter in the case d > 1). From (18) we have

r<eo(z,y)<l r<eo(z,y)<l
K(z,y)>Bp K(z,y)<Bp
K x, p(y)
+ / <(w) du(y) =T + I + I
By
o(z,y)>1

We need to estimate I, I5, I3 from above. For I; we have

n= [ ety (’C(;;y))p(w)du(w,

r<e(z,y)<l
K(z,y)>Bp

(z)—p(y)
K(I’y))p ™ By (6) we get

where g,.(z,y) = (T
n [K(@,9)8,']| _

Ing.(z,y)| <A
ngr(z,9)] Ino(z,y)

T N

n——— In
o(z,y) o(z,y)
where in the last inequality we made use of the boundedness of a(r). Then

p(x)
nely [ () g

LS X\B(z,r) Q(l',y
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Then by (14) and (15) we get

d
c a(t) 17 at
Il S ﬁg(z) / |:tpll(\]:,):| 7 +X[%’d] (T) (20)
For I, we obtain
K(z, y))’”‘ c ale(z,y)] \"~
I < < du(y) = —p— TN du(y)
By Bp lo(z, y)IN
r<o(z,y)<l r<o(z,y)<l
and the application of Lemma 4.4 gives
c (law ] d
a(t t
I — — . 21
2= ﬁzf / L(”Jj)"| t +X[%7d}(r> 2D
The estimation of I3 is easy:
I3 < ﬂi_ (22)
P
because
alo(zy)] \ P alo(z)] \ P-
C SUP:¢(0,q) a(t) C SUPye (0,q) a(t)
I3 < = / ﬁ du(y) < - / % du(y)
P g(:r,y)>1 P 9(177y)>1
where the last integral is convergent and uniformly bounded with respect to « by Lemma 4.4.
Therefore, by (20), (21), (22) we have
d
L alt p(z)
1< C[ﬁpm /tN ! (;N)> dt+X[%7d](r) (23)
P T

- /dtN‘1 (ig?)erX[g,d](T) +§13

r

1
We may suppose that 5, (z, r) only for those x, r for which §,(z,r) is sufficiently large: 3,(x,r) > (2C)*-,
¢ < 1and

where C' is the constant from (23) (otherwise, there is nothing to prove). For such x,r we have <3
P

—

then from (23) we obtain

% < C/dtNl [(gp(f]l)p(x) N <gp(f])v>p_

T

X[¢.d] (r) 4)

dt +C—2"5—,
B

X d g (r)
<C [ﬁzﬁ(l) . By (17) we have

() =)™

X[%,d] (r)

where we have used the fact that Ge
P

Therefore, from (24) we get

[ v (a® N Xz
1§C/tN*1 (ﬁ tN> dt-l—CW,
T p P

0

whence (19) follows.
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10 M. Hajibayov and S. Samko: Generalized potentials

Corollary 4.7 Let p(x) and a(r) satisfy the assumptions of Theorem 4.6. If a € V (., then

By () < c AT, (25)

rr(x)

4.3 An appropriate N-function

The N-function ®(x,u) defining the Musielak-Orlicz space L®(X) into which the generalized potential maps
the variable space LP()(X) is defined by the relation

o0
@*1(x,u):/A(t)ft7 r=u ¥, 26)
tl“rm

T

where ® ! stands for the inverse function with respect to r. We always, whenever necessary, continue the
function a(t) as a(d) for t > d, so that A(t) = ¢ + a(d) In & for large t(> d).
A(r)

In the following two lemmas we check that ®(z, r) is indeed an N-function and it is equivalent to —z*.
rp(x)

Lemma 4.8 Ler p(x) satisfy condition (5) and a(r) be a non-negative continuous on [0,d],0 < d < oo
function such that

d

d
/a(t)dt <. /a(t)dt . 27
0

N
t tlJrH

0
Then the function ®(x,r) defined by its inverse (26), satisfies the requirements of Definition 2.1.

Proof. The condition lir% O(z,r) =0 «— lir% ®~1(z,7) = 0 is obvious because of the convergence at
rT— r—

infinity of the integral in (26) for every x. So we have only to check that ®(x,r) is a convex function of r or
equivalently ®~1(z, r) is a concave function. To this end, it suffices to check that 86—;@*1 (z,7) <0. Since

1 s
> (z,r) = N/A (t*ﬂ 7o L dt,
0

the inequality g—;@‘l (z,7) < 01is checked by direct verification:

82 1 1 1__9 ’ 1 1 1 1
— P = — p(x) N N R — - N <
87“2(1) (z,7) N [A (r )r +N(1 p(as))A(T )] <0
taking into account that A(r) > 0, A’(r) > 0. O

Lemma 4.9 Let p(r) satisfy condition (5) and a(r) be a non-negative almost increasing continuous on

[0,d],0 < d < oo function such that the function (Jl\,(t)s is almost decreasing for some € > 0. Then there

tP+
exist constants Cy > 0, Cy > 0 not depending on x and r such that

A 1 A

20 g (m N) <20 (28)
rp(@) r rp@)

Proof. We have to prove that

A(r) [ A()dt Ar

le(i) S/ 1(+)L <0, (29)
rr) t7 " pl) rr)

It is easily proved that the function A(¢) also satisfies the properties that it is almost increasing and % is

P+
almost decreasing. Then the left-hand side inequality in (29) immediately follows from the fact that A(r) is
almost increasing and it is easily checked that from the another property of A(t) there follows the right-hand side
inequality. O
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4.4 The proof of Theorem 3.1

First we note that the function ®(z, r) defined by (9) is indeed an N-function under the conditions of Theorem
3.1 on p(z) and a(r). This follows from Lemma 4.8, the first of the conditions in (27) being satisfied by the
assumption, the second easily following from the assumption that a(r) is almost decreasing for some A < E

By the linearity of the operator I, it suffices to prove that || I, f le < C < oofor | fll) < 1. We split
I, f (x) in the standard way

Li@= [ 890y a )+ / Mf(y)du(y)Ar(x)JrBr(r)

Bler) ¢ (@y) X\B(z,r)

and suppose that f(z) > 0. Since % is almost decreasing, for .A,.(x) we have

-y [ e <

x,
k=051, Lr<o(z,y)<2=Fkr Q( y)

2 k—1 o0
22“ ") / f)du(y) <CMf(x)) a(2'r) <
k= 2= k=1r<lp(z,y)<2=kr k=0
50 2= Fp
<CMf(z)) / @dt.
k*OQ—k’—lr
Therefore,
@) < CARMI@, A0) = [ Wa (30)
0

For B,.(x) by Holder inequality for variable exponents and the condition || f||,,(.y < 1, we obtain

By (@) < Cllf ) K@ xx\s@n Ol < C 1@ X8 O, = CBp (x,7).
Then by Theorem 4.6 )
B.(z) < C /d {a(p r’@r) )™ 4 XA
o]t CAs
By Lemma 4.2, inequality (10) is applicable and we get
B.(z) < Cr 7o A(r).
Therefore,
Lf(x) < C (Mf (&) + 7759 ) A(r).
Then
I.f(z) < C | Mf(x)rsta + 1} 3! (x ;v) 31)

by (28). Now we choose r = [M f(x)]~ into

If(2) < OO (3, [Mf(2)P)
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Jo (o5 Y aute) < [ s @an <1,

where we have used (3) and the fact that || f||,., < 1. Hence

and consequently ,

o flle < C, (32)

which completes the proof.

5 Reformulation of assumptions on the function «(r) in terms of its upper Matuszewska-
Orlicz index

In Theorem 3.1, the main assumptions on the non- negative function a(r) were that it was almost increasing and
the function £ ( )
decreasing is closely related to the notion of the so called Matuszewska-Orlicz indices. We refer to [18], [28],
[29] (p.20), [30], [31], [39], [41] for the properties of the indices of such a type. For a function a € Wy, the

numbers
. a(hz . a(hz
In (hrf?j})lp a((h))> ) In <1H;?jblp a((h))>
G L e
and
In (hm sup a((}w))) In (hm sup a((m)))
M(a) = sup h = lim h
>1 Inx T—00 Inx

are known as the Matuszewska-Orlicz type lower and upper indices of the function a(r). Note that in this
definition a(r) need not to be an N-function: only its behaviour at the origin is of importance. Observe that
0 <m(a) < M(a) < oo for a e Wy.

The following statement is known.

Lemma 5.1 The index M(a) of a function a € Wy is finite if and only if there exists a number v > 0 and a
constant C' > 0 such that

L

e (33)

ti+y Y

T

and in this case M (a) < ~.

Lemma 5.1 follows from the known facts, see [40], p. 100, or [18], Theorem 3.2. We will make use of the

following important property of the upper index M (a): in the case where M (a) is finite, it coincides with the

infinum of all those § for which the function £ ( ) §

M(a) = inf {6 >0: (@) is almost decreasing} , 34)

is almost decreasing:

g

see [40], p. 100, or [18], p. 448. (In [40], [18] property (34) is formulated for functions in W, which satisfy
Zygmund type condition (33) with some y > 0, which always holds when M (a) is finite, according to Lemma
5.1).

In view of (34), the main result given in Theorem 3.1, may be reformulated as follows

Copyright line will be provided by the publisher
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Theorem 5.2 Let X be a bounded quasimetric measure space with doubling measure, upper Ahlfors N -
regular, let the exponent p(x) satisfy conditions (5) and (6). The operator I, is bounded from LT’(')(X ) into
the Orlicz-Musielak space L®(X), if the function a(r) satisfies condition (7) and its upper Matuszewska-Orlicz
index is less than ﬁ

M(a)<zz.

Acknowledgements. This work was made under the project “Variable Exponent Analysis” supported by
INTAS grant Nr.06-1000017-8792 in case of both the authors, and also under the project “Continuity and differ-
entiability of Riesz and Riesz-Bessel potentials” supported by INTAS Ref. Nr 06-1000015-5777 in the case of
the first author.

References

[1] D. Cruz-Uribe, A. Fiorenza, J.M. Martell and C. Pérez, The boundedness of classical operators on variable L? spaces,
Ann. Acad. Sci. Fenn. Math., 31(1), (2006), 239-264.

[2] D. Cruz-Uribe, A. Fiorenza and C. J. Neugebauer, The maximal function on variable L? spaces, Ann. Acad. Sci. Fenn.
Math., 28(1), (2003), 223-238.

[3] L. Diening, Maximal function on generalized Lebesgue spaces LP 0, Math. Inequal. Appl., 7(2), (2004), 245-253.

[4] L. Diening, Riesz potential and Sobolev embeddings on generalized Lebesgue and Sobolev spaces LP 0 and Whr0,
Math. Nachr., 268, (2004), 31-43.

[5] L. Diening. Maximal function on Musielak-Orlicz spaces and generalized Lebesgue spaces. Bull. Sci. Math.,
129(8):657-700, 2005.

[6] L.Diening, P. Histo, and A. Nekvinda. Open problems in variable exponent Lebesgue and Sobolev spaces. In ”Function
Spaces, Differential Operators and Nonlinear Analysis”, Proceedings of the Conference held in Milovy, Bohemian-
Moravian Uplands, May 28 - June 2, 2004. Math. Inst. Acad. Sci. Czech Republick, Praha.

[7] D.E. Edmunds, V. Kokilashvili and A. Meskhi. Bounded and Compact Integral Operators, volume 543 of Mathematics
and its Applications. Kluwer Academic Publishers, Dordrecht, 2002.

[8] J. Garcia-Cuerva and A.E. Gatto. Boundedness properties of fractional integral operators associated to non-doubling
measures. Studia Math., 162:245-261, 2004.

[9] A.E. Gatto. On fractional calculus associated to doubling and non-doubling measures. Harmonic analysis. Calderon-
Zygmund and beyond. A conference in honor of Stephen Vagi’s retirement, Chicago, IL, USA, December 6-8, 2002,
Providence, RI: American Mathematical Society, Ash, J. Marshall (ed.) et al., Contemporary Mathematics, 411:15-37,
2006.

[10] A.E. Gatto, C. Segovia and S. Vagi. On fractional differentiation on spaces of homogeneous type. Revista Mat.
Iberoamer., 12(1):1-35, 1996.

[11] A.E. Gatto and S. Vagi. Fractional integrals on spaces of homogeneous type. Analysis and Partial Differential Equations,
Dekker, New York, Cora Sadosky (ed.), Lecture Notes in Pure and Appl. Math., 122:171-216, 1990.

[12] A.E. Gatto and S. Vagi. On molecules and fractional integrals on spaces of homogeneous type with finite measure.
Studia Math., 103(1):25-39, 1992.

[13] A.E. Gatto and S. Vagi. On functions arising as potentials on spaces of homogeneous type. Proc. AMS, 125(4):1149—
1152, 1997.

[14] H. Gunawan. Generalized fractional integral operators and their modified versions. Asian Math. Conf. AMC, Singapore,
July 2005, 10 pp; available at http://ww1.math.nus.edu.sg/ AMC/papers/Gunawan-Hendra.pdf

[15] P. Harjulehto, P. Hésto, and V. Latvala. Sobolev embeddings in metric measure spaces with variable dimension. Math.
Z., 254(3):591-609, 2006.

[16] P. Harjulehto, P. Hast6 and M. Pere. Variable exponent Lebesgue spaces on metric spaces: the Hardy-Littlewood maxi-
mal operator, Real Anal. Exchange, 30(1), (2004/05), 87-103.

[17] P. Harjulehto, P. Hésto and M. Pere. Variable exponent Sobolev spaces on metric measure spaces, Funct. Approx.
Comment. Math., 36 (2006), 79-94.

[18] N. Karapetiants and N. Samko. Weighted theorems on fractional integrals in the generalized Holder spaces H§ (p) via
the indices m., and M,,, Fract. Calc. Appl. Anal., 7(4), (2004), 437-458.

Copyright line will be provided by the publisher



14 M. Hajibayov and S. Samko: Generalized potentials

[19] M. Khabazi. The maximal operator in spaces of homogenous type. Proc. A. Razmadze Math. Inst., 138:17-25, 2005.

[20] V. Kokilashvili. On a progress in the theory of integral operators in weighted Banach function spaces. In ”Function
Spaces, Differential Operators and Nonlinear Analysis”, Proceedings of the Conference held in Milovy, Bohemian-
Moravian Uplands, May 28 - June 2, 2004. Math. Inst. Acad. Sci. Czech Republick, Praha.

[21] V. Kokilashvili and A. Meskhi, Fractional integrals on measure spaces, Fract. Calc. Appl. Anal., 4(1), 2001, 1-24.

[22] V. Kokilashvili and A. Meskhi, On some weighted inequalities for fractional integrals on nonhomogeneous spaces,
Zeitshr. Anal. Anwend., 24(4), 2005, 871-885.

[23] V. Kokilashvili and S. Samko, Maximal and fractional operators in weighted LP (=) spaces, Proc. A. Razmadze Math.
Inst., 129, (2002), 145-149.

[24] V. Kokilashvili and S. Samko, On Sobolev theorem for the Riesz type potentials in Lebesgue spaces with variable
exponent, Zeitschrift fiir Analysis und ihre Anwendungen, 22(4), 2003, 899-910.

[25] V. Kokilashvili and S. Samko, The maximal operator in weighted variable spaces on metric measure spaces, Proc.
A .Razmadze Math. Inst., 144, 2007, 137-144.

[26] V. Kokilashvili and S. Samko, Boundedness of maximal operators and potential operators on Carleson curves in
Lebesgue spaces with variable exponent, Acta Mathematica Sinica, 24(1), 2008 (to appear).

[27] V. Kovécik and J. Rékosnik, On spaces LP ) and W*P) | Czechoslovak Mathematical Journal, 41(116), (1991),
592-618.

[28] S.G. Krein, Yu.l. Petunin and E.M. Semenov, Interpolation of linear operators, Translations of Mathematical Mono-
graphs, 54, Amer. Math. Soc., Providence, R.I., (1982).

[29] L. Maligranda Indices and interpolation , Dissertationes Math. (Rozprawy Mat.), 234, (1985), 49 pages.

[30] L. Maligranda Orlicz spaces and interpolation, Departamento de Matemdtica, Universidade Estadual de Campinas,
Campinas SP Brazil, (1989).

[31] W. Matuszewska and W. Orlicz, On some classes of functions with regard to their orders of growth, 26, (1965), 11-24.

[32] J. Musielak, Orlicz spaces and modular spaces, Springer-Verlag, Berlin, 1983.

[33] E. Nakai, On generalized fractional integrals, Sci. Math. Jpn., 5(3), (2001), 587-602.

[34] E. Nakai and H. Sumitomo, On generalized Riesz potentials and spaces of some smooth functions, Sci. Math. Jpn.,
54(3), (2001), 463-472.

[35] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen Co. Ltd., Tokyo, 1950.

[36] A.Nekvinda, Hardy-Littlewood maximal operator on LP®) (R™), Math. Inequal. Appl., 7(2) (2004), 255-265.

[37] E.Pustylnik, Generalized potential type operators on rearrangement invariant spaces, Math. Inequal. Appl., 13 (1999),
161-171.

[38] M. Ruzicka, Electrorheological fluids: modeling and mathematical theory, Lecture Notes in Mathematics, 1748.
Springer-Verlag, Berlin, 2000.

[39] N. Samko, Singular integral operators in weighted spaces with generalized Holder condition, Proc. A. Razmadze Math.
Inst., 120 (1999), 107-134.

[40] N. Samko, On compactness of Integral Operators with a Generalized Weak Singularity in Weighted Spaces of Continu-
ous Functions with a Given Continuity Modulus, Proc. A. Razmadze Math. Inst., 136 (2004), 91-113.

[41] N. Samko, On non-equilibrated almost monotonic functions of the Zygmund-Bary-Stechkin class, Real Anal. Exch.,
30(2) (2004/2005), 727-745.

[42] S. Samko, Convolution type operators in LP\®) (R™), Integral Transform. Spec. Funct. 7(1-2), (1998), 123-144.

[43] S. G. Samko, Convolution and potential type operators in LP*) (R™), Integral Transform. Spec. Funct. 7(3-4), (1998),
261-284

[44] S. Samko, Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue spaces with variable exponent. Fract. Calc. Appl.
Anal., 6(4), (2003), 421-440.

[45] S. Samko On a progress in the theory of Lebesgue spaces with variable exponent: maximal and singular operators,
Integral Transforms Spec. Funct., 16(5-6) (2005), 461-482.

[46] L 1. Sharapudinov, The topology of the space LP ® [0,1] , Matematicheskie Zametki, 26(4), (1979), 796-806 (Russian),
Engl. transl. in Math. Notes. 26 (1979), no 3-4, 796-806 .

[47] V. V. Zhikov, Meyer-type estimates for solving the nonlinear Stokes system, Differ. Uravn., 33(1), (1997), 107-114.

Mubariz G. Hajibayov
Institute of Mathematics and Mechanics of NAS of Azerbaijan.
9, F. Agayev str., AZ1141, Baku, Azerbaijan.

Stefan G. Samko
Universidade do Algarve.
Faro 8000, Portugal

Copyright line will be provided by the publisher



