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Abstract
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We show that the Riesz fractional integration operator I α(·) of variable
order on a bounded open set in Ω ⊂ Rn in the limiting Sobolev case is
bounded from Lp(·) (Ω) into BM O(Ω), if p(x) satisﬁes the standard logcondition and α(x) is Hölder continuous of an arbitrarily small order.
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1. Introduction
We consider the Riesz fractional integral

f (z) dz
α(·)
,
I f (y) =
|y − z|n−α(y)

y ∈ Ω,

Ω

of variable order, on an open set Ω ⊂ Rn , in variable exponent spaces
Lp(·) (Ω). For the theory of these spaces we refer to the papers [4], [5], [11]
and the book [3].
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In [7] it was proved that the Sobolev type theorem on the boundedness
of the operator I α(·) on bounded sets Ω, from Lp(·) (Ω) to Lq(·) (Ω), where
1
α(x)
1
=
−
q(x)
p(x)
n

and

sup α(x)p(x) < n

x∈Ω

holds for exponents p(x), 1 < p− ≤ p(x) ≤ p+ < ∞, with the log-condition
under the assumption that the maximal operator

1
 r) := B(x, r) ∩ Ω,
|f (y)| dy,
B(x,
Mf (x) = sup
r>0 B(x, r)

B(x,r)

is bounded in Lp(·) (Ω). The boundedness of the latter for log-continuous
exponents was later proved in [2].
For unbounded domains the variable exponent Sobolev theorem is known
for constant α, see Theorem 6.1.9 in [3].
Meanwhile a question of interest in the variable exponent setting is to
cover the case where
α(x)p(x) ≡ n.
In the case of constant exponents, it is known that the Riesz fractional
integration operator acts in this case from Lp to the space
BM O = {f : M f ∈ L∞ },
where

1
M f (x) := sup
r>0 |B(x, r)|


f


BM O

:= M f

∞,





f (y) − fB(x,r)
 dy,



B(x,r)

=
is the sharp maximal function and fB(x,r)


1

|B(x,r)|



f (z) dz.

B(x,r)

This

goes back to a result in [13], where it was given in convolution terms; for
weighted versions of such a result for Riesz potentials we refer to [6].
In this note we show that the Lp(·) → BM O-boundedness holds also in
the variable exponent setting when α(x)p(x) ≡ n, at the least in the case
of bounded sets Ω.
Observe that the case of unbounded sets needs special treatment not
only because of the known problems related to inﬁnity well known in the
variable exponent analysis, but also by a reason which goes back to the
case
of constant exponents. Even when α and p are constant, the operators

α−n on an unbounded set Ω is not well deﬁned by this direct
Ω f (y)|y − x|
deﬁnition (as an absolutely convergent integral) for all the functions on the
whole space Lp (Ω) when αp = n since (n − α)p = n in this case, although
it may be treated as a continuous continuation from a dense set in Lp , as an
operator acting from Lp to BM O. The operator may be also treated in this
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case via distributional interpretation. Since Schwartz test function space is
not invariant with respect to the Riesz fractional integration, other space
(known as the Lizorkin test function space, see Chapter 2 of [10]) is used.
In [9] there was shown that the Riesz fractional operator I α of functions
f ∈ Lp (Rn ) with α ≥ np , interpreted in the distributional sense is a regular
distribution. More precisely, any distribution I α f, 0 < α < ∞, generated
by a function f ∈ Lp , 1 ≤ p < ∞, is a regular distribution and even belongs
n
α
to Lloc
p (R ). Besides this, ﬁnite diﬀerences of the distribution I f are well
known to be better globally deﬁned on Lp (Rn ), which in a sense is reﬂected
in the BMO-language for the range I α (Lp (Rn )) when αp = n.
2. Preliminaries
Recall that the variable exponent Lebesgue space Lp(·) (Ω) is deﬁned as
the space of measurable functions f : Ω → C such that
⎧
⎫

 
⎨
⎬
 f (x) p(x)


dx ≤ 1 < ∞.
(2.1)
f Lp(·) (Ω) := inf λ > 0 : 
⎩
⎭
λ 
Ω

The local log-condition well known in the variable exponent analysis
has the form
1
A
for all x, y ∈ Ω
with |x − y| ≤ , (2.2)
|p(x) − p(y)| ≤
1
2
ln |x−y|
where A > 0 does not depend on x and y. In case of a bounded set Ω the
condition (2.2) may be also equivalently written in the form
|p(x) − p(y)| ≤

NA
N
ln |x−y|

x, y ∈ Ω,

N = 2 diam Ω.

(2.3)

The condition
A
, x∈Ω
ln(e + |x|)
in case of unbounded sets, is known as the decay condition.
We always assume that
|p(x) − p(∞)| ≤

1 < p− ≤ p(x) ≤ p+ < ∞.
3. Theorem on Lp(·) (Ω) → BM O-boundedness
Let
Mβ(·) f (x) = sup
r>0

1
r n−β(x)


|f (y)| dy
B(x,r)

(2.4)

(2.5)
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be the variable order fractional maximal function. In the following lemma
a set Ω is admitted to be unbounded, but the main statement in Theorem
3.1 relates only to bounded sets.
Lemma 3.1. Let the exponent p satisfy the conditions (2.2) and (2.5).
In case Ω is unbounded we also suppose that (2.4) holds and p− = p(∞).
Then
Mβ(·) f L∞ (Ω) ≤ C f Lp(·) (Ω)
for any measurable function β(x) such that
n
≤ β(x)
p(x)
when Ω is bounded, and

n
n
≤ β(x) ≤
,
p(x)
p(∞)

when Ω is unbounded.
P r o o f. By the Hölder inequality for variable exponents, we have
Mβ(·) f (x) ≤ sup r β(x)−n χB(x,r)
r>0

Lp

 (·)

f

(Ω)

Lp(·) (Ω) .

It is known ([8], Theorem 2.21; see also [12]) that
n

χB(x,r)

Lp (·) (Ω)

≤ Cr p (x) ,

χB(x,r)

Lp (·) (Ω)

≤ Cr pr (x) ,

(3.1)

when Ω is bounded, and
n

when Ω is unbounded, where
pr (x) :=

p(x),
p(∞),

if 0 < r < 1
if r ≥ 1,

see Corollary 4.5.9 in [3]. Therefore,
Mβ(·) f (x) ≤ C

sup

r

β(x)−n+ pn
(x)

0<r<diam Ω

f

Lp(·) (Ω)

when Ω is bounded, and
Mβ(·) f (x) ≤ C sup r
r>0

β(x)−n+ p n(x)
r

f

Lp(·) (Ω)

when Ω is unbounded. Hence the statement of the lemma follows.

2

By H λ (Ω) we denote the space of functions f on Ω satisfying the Hölder
condition: |f (x)−f (y)| ≤ C|x−y|λ , 0 < λ ≤ 1. Let H(Ω) = ∪0<λ≤1 H λ (Ω).
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Theorem 3.1. Let Ω be a bounded open set and p satisfy the conditions in (2.2) and (2.5). Let also α ∈ H(Ω). If α(x)p(x) ≡ n, then the
Riesz potential operator is bounded from Lp(·) (Ω) to BM O(Ω).
P r o o f. Suppose that f (z) ≥ 0. We continue the function f as zero
outside Ω whenever necessary. For r > 0 we split the function f as f (z) =
f1 (z) + f2 (z), where
f1 (z) = f (z)χB(x,2r) (z),
f2 (z) = f (z)χΩ\B(x,2r) (z)
and then
I α(·) f (y) = I α(·) f1 (y) + I α(·) f2 (y) =: F1 (y) + F2 (y).
Estimation of F1 (y):
When y ∈ B(x, r), we have |x − y| < 3r for z ∈ B(x, 2r) so that

2n (3r)α(y)
f (z) dz
Mf (y) ≤ Cr α(y) Mf (y)
≤
F1 (y) ≤
|z − y|n−α(y)
2α(y) − 1
|y−z|<3r

for y ∈ B(x, r), by the well known inequality. Then


1
F1 (y) dy ≤ Cr α(x)−n
Mf (y) dy.
|B(x, r)|
B(x,r)

B(x,r)

We apply Hölder inequality and obtain

1
F1 (y) dy ≤ Cr α(x)−n χB(x,r)
|B(x, r)|

Lp

 (·)

Mf

Lp(·) ,

B(x,r)

whence by (3.1) and the boundedness of the maximal operator in Lp(·) (Ω),
see for instance [1], we get

1
α(x)−n+ pn
(x) f
F1 (y) dy ≤ Cr
(3.2)
Lp(·) = C f Lp(·) .
|B(x, r)|
B(x,r)

Estimation of F2 (y):
We denote



cf = F2 (x) =
and have

Ω\B(x,2r)

f (z) dz
|x − z|n−α(x)



 
 

1
1


f (z)
−
dz  ,
|F2 (y) − cf | = 
n−α(y)


|y − z|
|x − z|n−α(x)
Ω\B(x,2r)


whence
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|F2 (y) − cf | ≤
Ω\B(x,2r)


+
Ω\B(x,2r)





1
1

 dz
|f (z)| 
−
|y − z|n−α(x)
|x − z|n−α(x) 





1
1
 dz =: G1 + G2 .

|f (z)| 
−

n−α(y)
n−α(x)
|y − z|
|y − z|

To estimate G1 , we use the inequality
|a−γ − b−γ | ≤ |γ| · |a − b|(min{a, b})−γ−1 ,

a > 0, b > 0,

γ ∈ Ω, (3.3)

and observe that |y − x| < r and |z − y| > 2r imply |x − z| < 32 |y − z|, so
that

|f (z)| dz
G1 ≤ C|x − y|
|x − z|n−α(x)+1
Ω\B(x,2r)

∞

|f (z)| dz
= c|x − y|
.
|x − z|n−α(x)+1
k=1
B(x,2k+1 r)\B(x,2k r)

By the inequality

B(x,2r)\B(x,r)

2n−α(x) α(·)
f (z) dz
M f (x)
≤
r
|x − z|n−α(x)+1

valid for 0 < α(x) < n, we get
G1 ≤ C
Therefore,

|x − y| α(·)
M f (x) ≤ CMα(·) f (x) f
r
G1

L∞

≤C f

Lp(·) (Ω)

Lp(·) (Ω) ,

(3.4)

by Lemma 3.1.
For G2 we use the inequality


tmin{a,b} , if 0 < t ≤ 1

a
t − tb  ≤ |a − b|
tmax{a,b} , if t ≥ 1.
and obtain



1
1
|f (z)|
+
dz.
G2 ≤ |α(x) − α(y)|
|y − z|n−α(y)
|y − z|n−α(x)
Ω\B(x,2r)

− z| and Ω\B(x, 2r) ⊆ Ω\B(y, r), we obtain
⎛
⎞


|f (z)| dz
|f (z)| dz ⎟
⎜
+
G2 ≤ C|α(x) − α(y)| ⎝
⎠
|y − z|n−α(y)
|x − z|n−α(x)

Since |y − z| ≥

2
3 |x

Ω\B(y,r)

Ω\B(x,2r)
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=: C|α(x) − α(y)|[H(y) + H(x)].
Since y runs the ball B(x, r) centered at x, it suﬃces to deal only with the
term H(y).
Let δ ∈ (0, p− − 1) be a small number. We apply the Hölder inequality
with the variable exponent pδ (x) = p(x)
1+δ and have


 χΩ\B(y,2r) 


.
|α(x) − α(y)|H(y) ≤ C|α(x) − α(y)| f Lpδ (·) 
|z − y|n−α(y) Lpδ (·)
The estimate


 χΩ\B(y,2r) 


 |z − y|n−α(y) 

p (·)
L δ

≤ Cr

nδ
− p(y)

≤ Cr

− pnδ

−

is valid ([7], Theorem 1.8). Therefore,
|α(x) − α(y)|[H(y) + H(x)] ≤ C sup |α(x) − α(y)|r
|x−y|<r

− pnδ

−

.

Which provides the boundedness of |α(x) − α(y)|[H(y) + H(x)] provided
α(x) has the corresponding Hölder property. Since δ may be chosen arbitrarily small, it is suﬃcient to suppose that α is Hölderian of an arbitrarily
small order.
Taking also the embedding f Lpδ (·) ≤ C f Lp(·) into account, we obtain
G2

L∞

≤C f

Lp(·) .

(3.5)

Consequently,
F2 − cf

L∞

≤C f

Lp(·) .

by (3.4) and (3.5).
It remains to gather the estimates (3.2) and (3.6).

(3.6)
2
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operators on Hölder spaces and Lp -spaces. Ann. of Math. (2) 85 (1967),
337–349.
Universidade do Algarve
Campus de Gambelas
Faro 8005, PORTUGAL
e-mail: ssamko@ualg.pt

Received: November 12, 2012

Please cite to this paper as published in:
Fract. Calc. Appl. Anal., Vol. 16, No 2 (2013), pp. xxx–xxx;
DOI:10.2478/s13540-013-0023-x

REMARK
REMARK TO THE PAPER OF S. SAMKO,
“A NOTE ON RIESZ FRACTIONAL INTEGRALS
IN THE LIMITING CASE α(x)p(x) ≡ n”,
FROM FCAA, VOL. 16, NO 2, 2013
Stefan Samko
Abstract
We improve the formulation of the main statement in the paper “Note
on Riesz fractional integrals in the limiting case α(x)p(x) ≡ n”, published
in this journal, Fract. Calc. Appl. Anal., Vol. 16, No 2 (2013), DOI:
10.2478/s13540-013-0023-x.
MSC 2010 : Primary 46E30; Secondary 26A33, 43A85
Key Words and Phrases: fractional integral, Riesz potential, variable
exponent Lebesgue space, variable order, BMO (boundedness of the maximal operator)
Theorem 3.1 in the above cited paper has a cumbersome formulation
where the exponents α(x) and p(x) are related to each other by the relation
α(x)p(x) ≡ n and the assumptions on p(x) were formulated weaker than
for α(x), while they are immediately inherited from the above relation.
The formulation of Theorem 3.1 in that paper should be replaced by
the following.
Theorem 3.1. Let Ω be a bounded open set and p is log-continuous
and 1 < p− ≤ p(x) ≤ p+ < ∞. Let also α(x) be Hölder continuous (of an
arbitrarily small order). If α(x)p(x) ≥ n, then the Riesz potential operator
is bounded from Lp(·) (Ω) to BM O(Ω).
c 2014 Diogenes Co., Sofia
°
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Clearly, some disadvantage of this reformulation is that at the points
x ∈ Ω where it may be α(x)p(x) > n, we expect that the Riesz fractional integral behaves better than just a BMO function, being there locally Hölder
n
continuous of order α(x) −
. However, the advantage is that with this
p(x)
reformulation we should not require that p(x) must be Hölder continuous.
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