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We study the p(-) — g(-) boundedness of weighted multidimensional Hardy-type operators H* and %29 of variable order a(x),
with radial weight w(|x]), from a variable exponent locally generalized Morrey space 7% (R", w) to another FAM(RA, ),
The exponents are assumed to satisfy the decay condition at the origin and infinity. We construct certain functions, defined by
P, &, and g, the belongness of which to the resulting space Z*¥9(R", w) is sufficient for such a boundedness. Under additional
assumptions on @/w, this condition is also necessary. We also give the boundedness conditions in terms of Zygmund-type integral

inequalities for the functions ¢ and @/w.

1. Introduction

Influenced by various applications, for instance, mechanics
of the continuum medium and variational problems, in the
last two decades the study of various mathematical problems
in the spaces with nonstandard growth attracts the attention
of researchers in various fields. This notion relates first of all
to the generalized Lebesgue spaces LF7(Q), Q € R", known
also as Lebesgue spaces with variable exponent p(x). We refer
to the existing books [1-3] in the field.

This variable exponent boom naturally touched Morrey
spaces. Morrey spaces #? (with constant exponents) in
its classical version were introduced in [4] in relation to
the study of partial differential equations and presented in
various books; see, for example, [5-7]; we refer also to a
recent overview of Morrey spaces in [8], where various
generalizations of Morrey spaces may be also found.

They were widely investigated during the last decades,
including the study of classical operators of harmonic anal-
ysis, maximal, singular, and potential operators on Morrey
spaces, and their generalizations were studied. We refer
for instance to papers [9-16] and the references therein;

in particular, Hardy operators in Morrey type spaces with
constant p were studied in [17-20].

The Morrey spaces LF¥*)(()) with variable exponents
A(-) and p(-) were introduced and studied in [21-23]. Gen-
eralized Morrey spaces .#P)(Q), 0 ¢ R” with variable
exponents were studied in [24]; see also another version of
Morrey-type spaces in [25]; we also refer to [26] for the so-
called complementary Morrey spaces of variable order in the
spirit of ideas of [24].

In the above cited paper maximal, singular, and potential
operators were studied. This paper seems to be the first one
where Hardy-type integral inequalities are studied in Morrey-
type spaces with variable exponents. Concerning Hardy-type
inequalities and related problems and applications, we refer
to the books [27, 28).

The paper is organized as follows. In Section 2, we
give necessary preliminaries on variable exponent Lebesgue
spaces. In Section 3, we define our main object-variable expo-
nent Morrey spaces and prove important weighted estimates
of functions in Morrey spaces; see Theorem 10.

By means of these estimates in Section 4, we prove our
main statements for Hardy operators in variable exponent



generalized Morrey spaces. We also consider the necessity
of the obtained conditions. In Section 4.4, under some
additional assumptions on @(0, ) we obtain the boundedness
conditions in a different form via Zygmund-type conditions
on @(0,r)/w(r) and provide a direct relation between ¢(0, )
and w(0,7).

In Theorem 18 of this section, we specially single out the
nonweighted case where we show that the Hardy inequalities
in Morrey spaces are completely determined by the values
p(0) and p(co).

In the Appendix we recall some notions related to
the Bary-Zygmund-Stechkin class and Matuszewska-Orlicz
indices which sporadically are used in the paper.

2. Preliminaries on Variable Exponent
Lebesgue Spaces

We first recall the basic definitions related to variable expo-
nent spaces. By (1, we always denote an open set in R”, Q ¢
R",and £ = diam (1,0 < £ < co. Let also B(x,7) = {y € R" :
|x - y| < r} and B(x,7) = B(x,7) n Q.

Let p(-) be a measurable function on ) with values in
[1, co). We suppose that

lsp <px)<p, <oo, 6Y]

where p_ = inf, o p(x) > 1, p, = sup,.qp(x) < co.

We denote by LPX(Q) the space of all measurable func-
tions f(x) on Q such that L(,(f) = _[n Ifx)F¥dx < oo.
Equipped with the norm | f| ) = =inf{y > 0: I,(f/n) <1}
this is a Banach function space. For the basics on variable
exponent Lebesgue s?aces we refer to [2, 29, 30].

We denote by p'(-) plx)/(p(x) — 1}, x € Q, the
conjugate exponent of p(x). The notation P'°¥(Q2) will stand
for the set of variable exponents p(-) satisfying condition (1)
and the local log-condition

A
lpx)-p () < e e lx =yl < x yeQ, (2)
where A = A(p) > 0 does not depend on x, y.
We will use also the following decay conditions:

1
lp (0~ mm_ulu Il < 2, )
[P (x) - pool < m x| = 2. (4)

For brevity, by % ,(Q) we denote the set of bounded
measurable functions (not necessarily with values in [1, 00)),
which satisfy the decay conditions (3) and (4).

Let p satisfy the log-condition (2). The inequality

HXB(x,r) "m-) @ = crP ("}’ ®)

for bounded open sets () is known and proved in [31]. For
unbounded sets, if, besides (2), the exponent p satisfies the
decay condition (3), then we have

"x&‘(x,r) ”U"'J{Q] < Cr"/Pr(X)’ ©)
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where

_|px), if0<r<i,
Em’tmxﬁuL )

See [2, Corollary 4.5.9]. The following lemma was proved in
[32], Lemma 2, and a simpler proof given in [33].

Lemmal. Let p(x) be a bounded function. Then

1 0 0
ar"/P( )SllXB(D,Dr)\B(U,f)"P(-J Ze Y Jor 0<r<a<oo,

1 n
7 Slxseomaonlyy <™ for 0<bsr<co,
(s}
(8

under conditions (3) or (4), respectively, where D > 1 and ¢, >
land c,, 2 1 depend on D and a,b, but do not depend on r.

We will use a consequence of the estimates of Lemma 1 in
the form

I|XB(0 2r)\B(0; r)llp() S ﬂ/p.(f)’ re R_,_, (9)
where we denoted
_|p(0), r=<1
“m‘tmxra (10)

for brevity.
We refer to the Appendix for the definition of the classes

W(R,) and W(R, ) used in the following lemma.

Lemma2. Letp € &, (R")andl <p_<p, <ocoanda
function a(x,r) belongs to W(R,) N W(R,) with respect to r
uniformly in x. Then

dt
e xaanlly s € [ ##atn L, r>o,
where C > 0 does not depend on r and x,

Proof. Let By, = B(0,27%#) \ B(0, 27%14). We have

la ) xanll < Z G 7) 0 o (12
Since a € W, we obtain
"a(x’ r))-f.li(l},r) "PU = Cz (JC,Z ?‘) "xB(xz 1) ) (13)
By (9), we have
-k
HXB(D,T"‘J-J o S ol2™r )W’P'(2 " (14)
Therefore,
- /p.(27%r)
"a(x’r)xﬂ(o,f)"p() = CZ (x,2 T) @™ )np o
(15)

C [ piry
< oo J- a(x, t)
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and we arrive at (11). The last passage to the integral is
verified in the standard way with the use of the monotonicity
properties of the function t"/#-®a(x, t) in ¢, imposed by the
assumptions of the lemma on a(x, t) as

I ey (x,t) E
0 t

~k
= f r " IO (e H
k=0 Ty 4

0 -y 27 s)
> Ya(matn) (@) [ &
k=0 E ¥y ¥
~1n2)'a (6 27%) (274"
k=0
a

The class Zﬁ""&W(Rl) used in the following corollary is
defined in (A.18).

Corollary 3. Let a(x,-) belong to the class Zﬁ"’ﬁm(RD uni-
formly in x, where B, = n/p(0) and B, = n/p(co). Then

| (. 7) X500l sy’ S P, r>0. @)

Proof. The statement follows from (11) by the definition of the
class ZPoP=(R1). O

Corollary 4. Letp e & (R and1 < p_<p, <coanda
bounded function v(x) satisfies the conditions

:E(IE'IG{” [n+v(x) p(0)], ;é]ﬁ{ [n+7(x)p(c0)] > 0. (18)

Then

< o' ®)Hnlp, (r)),

< r>0,
J20) (19)

Jllyl""‘)xmu,r) u

where ¢ > 0 does not depend on r and x.

Proof. The statement follows directly from (11) with a(x,r) =
raf(x)’ since J‘O’tv(x)-r(n/p.(r))(dt/t) = p¥x)Hn/p(0)) J(v(x)
(n/p(0))) when 0 < r < 1and [/ £'&*®P-Olgesyy -
1/(v(x) + (n/ p(0))) + (" ®PCD _ 1) 105(x) + (n/p(oo)g

whenr > 1.

+

3. Variable Exponent Morrey Spaces

3.1 Definitions and Some Auxiliary Results for Variable
Exponent Morrey Spaces. Let ¢(r) be a nonnegative function
on [0, £], positive on (0, €]. Morrey type spaces, called also
generalized Morrey spaces, with constant p,1 < p < oo are
known in two versions: global #”?(Q) and local 3{;‘2’;0 (Q
(we refer, for instance, to the survey paper [8]) and are defined
as the spaces of functions f € I? () such that

loc

"f “I.P(ﬁ(x,r)) 2 ”ﬂlfﬂﬂ < oo, (20)
xeqro @ (7) >0 ¢ ()

respectively, where x, € Q.

Morrey spaces with variable exponent p(x) correspond-
ing to the classical case ¢(r) = *MP, but with variable Alx)
as well, were introduced and studied in [21]. More general
approach admitting the variable function ¢(x, r) were studied
in [24, 25].

Following [24], we introduce the variable exponent
Morrey-type space by the definition below, but note that our
notation differs from that of [24].

Definition 5. Let1 < p_ < p, < co and let ¢(x, 1) be a non-
negative function almost increasing in r uniformly in x € Q.
The generalized variable exponent Morrey space #P0#9 ()
is defined by the norm

1
I gacreer = ﬁs{‘:f)um"f o0 B (21)
We will also refer to the space £?*0)(Q) as global
generalized variable exponent Morrey space in contrast to its

local version & (')’P(')(.Q) defined by the norm

xpiloc
1
171 grisn = Sf‘:gmﬂf oo By (22)

where x, € Q.
For w a weight function on (), the weighted Morrey space
ZPP(0, w) is defined by IP?(Q, w) := {f: wf e LP*(Q)}.
By the definition of the norm in the variable exponent
Lebesgue space, we the can also write that

(W
()
. fi) [
= inf{A=A(x,1)>0: = dy<lp.
xeS(Ell.iO { (] Blxn)| A@ (x,7) ¥
(23)

from which one can see that for bounded exponents p one
has

p(y)
dy < o0.

(24)

f ()
@ (x,1)

x,r

fe PO 0y ey sup I_
B(x,r)

The following lemma provides some minimal assump-
tions on the function ¢(x,r) under which the so-defined
spaces contain “nice” functions.



Lemma 6. Let < p_ < p, < c0. Under the decay condition

A 1
’P(x)—P(xu)lsm' |x—x0|s§, (25)

the assumption

i n/p(xg)
Supwr}]_ % oo (26)

o 9(x7)

is sufficient for bounded functions f with compact support
(in the case of unbounded set Q) to belong to the local Mor-

rey space &F (')"P(')(.Q). Similarly under the log-condition (2),

xg;loc
the condition

: n/p(x)
sup _—[mm{l,r} ] <00 (27)

x€0,r>0 'y (x,7)

guarantees that such functions belong to the global Morrey
space FF OOy,

Proof. Use (19) and (5), respectively. O

Everywhere in the sequel we assume that the assumptions
(26) and (27) for the spaces Z20%(0)) and 2P0 (q),
respectively, are satisfied.

We need the following lemma on variable exponent
powers of functions in Bary-Stechkin class. For this class,
Matuszewska-Orlicz indices, and all the related notation, we
refer to The Appendix.

Lemma7. Let1 < p_ < p, < 00, ¢ € W([0,£]) n W([0,£]),
and p satisfy the decay condition (3). Then

égopw) (") < 9" (r) < Ce* @ (), for ly| srs<e, (28)

where £ < co and C 2 1 do not depend on r and y.

Proof. We have to prove that 1/C < [p(r)]?? 7 < C; that
is,

[p(»)=pO)-lne®)| <C, (=nC).  (29)

It suffices to consider the case r < 1. By Theorem A.1.2,
the assumption ¢ € W([0,£]) N W([0, €]) implies that the
function ¢ has finite indices m(¢p) and M(g), and (A.11) holds.
Bounds in (A.11) yield the inequality [In¢(r)| < ¢, + ¢,|ln7]
with some positive ¢, and ¢,. Then (29) follows from the decay
condition at the origin, since In(1/r) < In(1/|y|). O

In papers [17, 18], there were given various conditions
for radial type functions to belong to Morrey spaces with
nonvariable characteristics. The reader can easily adjust them
for the case when they are variable. We do not dwell on this,
but in the next lemma we give a certain example of a function

in the space .‘Zﬁgf(')(R"), important for our further goals.
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Lemma 8. Let < p_ < p, < 00 and p satisfy the decay
condition (3) at the origin and ¢(0, -) € W([0, g 1) NW([0,&])
Jor some gy > 0, and

h
J @m < cp(0,h) (30)
0

Jor small h and some ¢ > 0. Then the function f,(x) =
(@0, [x)/1x["P*Y) ypq gy (%), where 0 < R < o0, belongs to

gp,(z')s?’(‘) (R")
Oiloc &

If additionally we suppose that p satisfies the decay condi-
tion (4) at infinity, ¢(0,) € W([N, co))nW ([N, 00)) for some
N > 0, the inequality (30) holds also for large h, (0,r) 2 ¢ > 0
Jorlarger — ocoand p_ = p(co); then the same holds with

R = 0.

Proof. We have to check that

()
J L)Y
up s
r Jen |9 (0,7)
- (31
- J 9 (0. [y) [ ay
o<r<r JB(0,;r) | @ (0,7) |y|" ’
By Lemma 7, this is guaranteed by the condition
1 T dt
T 0,f) — 7
s‘i"@ﬂm 0,1) L P00 r <% (52)

The latter is equivalent to the condition m(¢*®(0,£)) > 0,
that is, m(g(0, 1)) > 0, which in its turn is equivalent to (30)
and consequently holds.

In the case of R = oo, the proof follows the same lines.
This time instead of (31) it suffices only to check that

0, Pf}’)
J ___ga( 'J’D d}; < oo (33)
>N Jn | ¢(0,1) 7|

for some large N > 0. Here ¢(0, |y])*™ ~ (0, | 717 by the
decay condition at infinity imposed on p. Therefore,

s | ‘4: LD dy _ [ ’co(o, DD dy
N JBon | @(0,1) ly[" ™ 5 JBon | @(0,7) [y
(34)

after which the arguments are similar to those for the case
R < oo O

Corollary 9. Let 1 < p_ < p, < 00 and p satisfy the decay
conditions (3) and (4), ¢(0,-) € W([&) NnW(R,), and the
inequality (30) holds for all h € R, ¢(0,1) > ¢ > 0 for large
r — coand p_ = p(co); then

2O ptre0
AT Logoe  (RT). (35)
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3.2. Some Weighted Estimates of Functions in Morrey Spaces

Theorem 10. Let1 < p_ < p, < oo and p € Py (R").
Suppose also that u E_ﬂ(lRJ,q;v(O, u(-) e WR,)and v €
W(R}), v()9(0,-) € W(R.). Then

L If (Z)I dz <cd (r) "f"gﬁ;)t.wl-))

d<r t([2]) (36)

J,.. vblf @ldz < cB0) Ao
with

d -19(0,¢)
d =J (olp L 250 gy
() ! ()

B (r) = J t(n.’pi(t})-—lq) ©,) v (£) dt,

(37)

wherer € R, and c > 0 do not depend on r and f.

Proof. We have
J‘I ral,,

ater 4 (z])

= I |f (z)l
By U (IZI)

(38)

where B,(y) = {z : Flp |2 w0k r}. Making use of the
fact that there exists a § such that t'ﬂu(t) is almost decreasing,
we observe that 1/u(lz]) < C/u(27*r) on B, (y). Applying
this in (38) and making use of the Holder inequality with the
exponent p(x), we obtain

|f ()]
lem )
(39)
HXBk "LP X8 llz5'0(s,)

u(27%r) "f o 0 (B(0,27%r))"

<y e

k=0

By (9) we have || g, Il 10, < < C@7*ry P00 50 that

I |f @I (Z)I
lzl<r u(IZI)
(2—k )n/P.{Z %) (0 ok ) (40)
R T
It remains to prove that
ke \n/pL () -
i ) #(0.27r) <C(r). (41)

o u(27%r)

We have o/(r) = Y7o Izk :r /L)1 (@(8)/u(®))dt.
Since the function £77-® i increasing for all t € R, and the
function ¢(0, £)/tPu(t) is almost decreasing with some b, we
obtain

kLN @ (0, 2"‘?)

w(r)zcg(z o) Gy 26 @

which proves (41) and completes the proof of the first
inequality in (36).

For the second inequality in (36), we proceed in a similar
way as

.[|z|>,. v (t) lf (Z)I dZ = ; JBE(}.) V(Z) lf (z)l dz, (43)

where BX( y) = {z : 2*r < |z] < 2%*'+}. Since there exists a
B € R such that t# v(t) is almost increasing, we obtain

,;, L GO
(44)

_cm ik dz.
< ;Iv(z r)Lk(y)[f(z)l z

Applying the Halder inequality with the variable exponent
p(-) and taking (9) into account, we get

LI} v(I2)) | f ()] dz

<CZ

N (k) (SE BNy
ey v(2Fr)(2r) ¢ (0,2%) - 1£lz0e0-
k=1

r) "XBk(y)" I ()"fXB(U 240 | g (45)

trqk
It remains to prove that Y5 v(2*r)(2%r) I r)q)(2kr) <

C%(r), which easily follows by the monotonicity of the
involved functions as

n/(p, -1, (&) () dt

o) 2k+l
B(r) = ZL ¢
k=0-2

b Civ (Zkr) ] (Zkr) (2kr)nlpi (2":).
k=0

(46)

4. On Weighted Hardy Operators in
Generalized Morrey Spaces

4.1. Pointwise Estimations, We consider the following gener-
alized Hardy operators:

Htx(-) = [5|20)n f(}’)dy,
F )= W [ w(ly)

Sdy
bl |y w (|y])
where a(x) is a non-negative measurable function on R”. In

the one-dimensional case, their versions

{0} _ oalx)-1 xf(t)dt
HOf =2 | L0,

9) _ a®) < f@)dt
70 F (0 =) [ e

Hf (x) = 2" ()x])

(48)




on the half-axis R} may be also admitted, so that the sequel
R" with # = 1 may be read either as R' or R!.

We also use the notation H* = H*0|__ .

Our next result on the boundedness of weighted Hardy
operators presented in Theorem 13 is prepared by our estima-
tions in Theorem 10. It is in fact a consequence of Theorem 10.
We find it useful to divide this consequence into two parts.
First, in Theorem 11, we reformulate Theorem 10 in the form
to emphasize that we have pointwise estimates of Hardy
operators H) and %#*") in terms of the Morrey norm of the
function f. Then as an immediate consequence of Theorem 11
we formulate Theorem 13 for global Morrey spaces.

Theorem 11. Let p € Py (R") and1 < p_ < p, < oo, Let
also the weight w satisfy the conditions

@ (0: )
w ()

in the case of the operator Hz('), and the conditions

weW(R,), eW(R,), (49)

cWR,), (’:U(—(:f')eW(RJ- (50)

)

in the case of the operator ¥ ;“. The conditions

g |~

e ¢n/p'(0)-1 0,¢
I _# dt < 00,

0 w(t)
J»oo t—(H/P(DCI)) _l‘P (0’ t)
€ w(t)

(51)
dt < oo,

with & > 0, are sufficient for the Hardy operators H*") and
70, respectively, to be defined on the space ng;ng(')(ﬂ&").
Under these conditions,

[HE0 £ ()] < CKop (0 Fl gm0

(52)
|72°f ()] < CH o ) | F oo
where
Koo () = %" w (1] o (1))
. Wl (Pl 010 (0, )
_ [y|XX)-n ¢,
=W |2

oo —(n/p,(1))-1 @ (0, t)

Hy e (%) = 21" w (x]) j dt.

[l w(t)

Proof. The sufficiency of the conditions in (51) and estimates
in (52) follows from (36) under the choice ¥(t) = w(t), for the
operator Hff,{'] and v(¢) = 1/t"w(t) for the operator %ﬁ('). O

4.2. On the Necessity of the Conditions in (51). Observe that
the conditions in (51) are natural in the sense that they
are necessary under some additional assumptions on the
function ¢ defining the Morrey space.
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Lemma 12. Let p be as in Theorem1l and ¢(0,) ¢
W([0, £]) n W([0, &]) for some &, > 0, and (30) holds. Then
the conditions in (51) are necessary for the Hardy operators
H*W and ge*w, respectively, to be defined on the space
Loial RO

Proof. Choose fy(x) = (9(0, lxl)/|x|""P*) x50 gy (x). Then

fe Eg;gg’cq'(')(ﬂ%") by Lemma 8. It remains to note that the

conditions in (51) are nothing else but the statement that
H2 £, and #°°) f,, respectively, exist. O

4.3. Weighted p — q Norm Estimates for Hardy Operators.
The statements of Theorem 13 are well known in the case of
Lebesgue space, that is, in the case ¢ = 1, with constant
exponents, when 1 < p < nfa; see for instance [27,
pages 6, 54]. For the classical Morrey spaces ZP*(R") with
constant exponents p and A, statements of such type for
Hardy operators have been obtained in [17, 19].

Hardy inequalities in the variable exponent Lebesgue
spaces were studied in [34-36]; see also the references
therein.

Note that, in contrast to variable exponent Lebesgue
spaces, inequalities for the Hardy operators in Morrey spaces
admit the case inf, p(x) = 1 when ¢(0,0) = 0 in the case of
local Morrey spaces and sup, ¢(x, 0) = 0 in the case of global
Morrey spaces.

We suppose that the condition

[min {1, r}]"P©@

mpi— it g (54)
r>:E’ (P (O: T)
holds, which ensures that the space .S‘,’ﬁ" gf’(')(R") is nonempty

by Lemma 6.

Theorem 13. Let1 < p_ < p, < 00,1 £ g_ < g, < 0
and p € Py (Q) as well as the functions ¢ and y satisfy the
assumption (54). Let also the weight w satisfy the conditions in

(49) in the case of the operator H) and the conditions in (50)
in the case of the operator ™). Then the operators H2 and
#) are bounded from EZ’D"” 52:"(')([!&") to LIYORM, i

0,loc
K. € ,Gf?j;f;,"’") R"),  Hyue LVORT), (55)

loc;0

respectively. If p and ¢(0,r) satisfy the assumptions of
Corollary 9, then the conditions in (55) are also necessary for
the boundedness of the operators H*® and 0,

Progf. The sufficiency of the conditions in (55) for the
boundedness follows from the estimates in (52).

As regards the necessity, the requirements in (55) are
nothing else but the statement that

B () (-) 2 BRTIE n
H (f) € Zhid" R, 50 (f) e 13O (R7),
(56)
respectively, where

0,
folx)= —Izlglp.lﬁl' (57)
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The function f; belongs to &* 90) (my by Corollary 9.

0,loc

Consequently, the conditions, (55) are necessary. O

Corollary14. Under the same assumptions on p, @ andw as in
Theorem 13, the Hardy operators H,i(') and ™) are bounded
from the global Morrey space LPMY(R™) to the global space
gq('],w(-)(Rn), lf

Ky € % (R, Hyu € ¥ (R"), (58)

respectively.

Proof. Since | f| TP geny £ || fll gperot2» the statement imme-
diately follows from the pointwise estimates in (52). O

Remark 15. Theorem 18 is specifically a “Morrey-type” state-
ment in the sense that the case of Lebesgue spaces (the case
A = 0) is not included. This, in particular, is reflected in
the admission of values p(x) = 1 in Theorem 18, which is
impossible for Lebesgue spaces.

4.4. Finding y(0, r) by a Given ¢(0, r). The main theorem
of the preceding section, Theorem 13 on the .,S‘,”fl’, gj’c'p[')(R") -

Egj'Zf(')(R") boundedness, provides a relation between the
given function @(0,r) and y(0,r) in an indirect form, via
the conditions in (55). In the theorems below, under some
additional assumptions on the functions ¢(0, r) we obtain the
boundedness conditions in a form of Zygmund-type integral
conditions imposed on ¢(0, r)/w(r) and give a direct relation
between ¢(0, r) and (0, r).

In these theorems, we use the following assumptions on

the function ¢(0, t) defining the data space & g, g’f(') (R™):

p(O.r) e W(R,)nZPP=(R,), (59)
where
w n n
By = jTO) —m—a(o),
i (60)

——-n——(x(oo)

ﬁoo = q(OO)

p(o0)

(see (A.18) for the definition of the classes Z%=(R, )). Recall

that the assumption ¢(0,7) € Zﬁ“’ﬂm(R+) in (59) may be
equivalently rewritten in terms of the Matuszewska-Orlicz
indices m(p), m (@) of the function ¢(0, £) as

m(9)> By My (@) > B (61)

Theorem 16. Lef1 < p_ < p, < 00,1 £ g_ < g, < 00,
and p,q € Py,(R") as well as the function ¢ satisfy the
assumption in (54) and (59) and let the weight w fulfill the
conditions in (49). If

e0.7r) __p.p. . ___n_
Py ez (R,) with B, = 70
(62)
n
ﬁoo Pr (00) &

then the Hardy operator H* is bounded from ﬁ‘ff’g’(zjf(')(R")

to LLIVOR™), with

v (0’ 1‘) - r“- (r)=(n/p, (£))+{n/q, (r))‘P (0’ ?’) . (63)
Proof. By (69), we have
Koo (%)

Il pn/p(e))-1 0(0,1)

= ]xla[x)—"w (le) J;] ” (t) dt (64)

< Clxla'(lxl)_("/*p'axl))qo (0, ]x]).

To check that K,,,, € ZI(R"), by the definition in (20),

loc;0
we have to estimate the norm

”I xla.(|x|}~(n/p.uxl)) (65)

@ (0. 1x]) Xa(o.n | acr -

We apply Lemma 2 with a(x, r) = r* =0/ 1), which
is possible by (59) and obtain

W (IxD—(n/p, (|
I“xla (Ix1)—(n/p lxl))fp (0, |x]) XB(D,r}”Lq(-)

i (66)
i I (Ol Oslnla. Dy o 1
0 t
Then by (59) we get
» - .(
" [x]* () ~(n/p IxIJ)‘p (0, |x]) XB(O,r)"U“ (67)
< Cra.[r)—(n,fp.(r))+(ﬂf¢1.(f))¢ (0,7).
Therefore,
(x| =iz =) g, Jc|)” 00
68
<c 7o ()=(n/p.()+(nfg, (r))(p (0,7) (68)
v(0,r)
and we arrive at (63). o

Theorem17. Let1<p_<p <o00,1<g. <gq, <00,p,q€
Po.o(R™), and ¢ satisfy (54) and (59) and let the weight w

Fulfill (50). If

¢ (0,7) ; __n _n
wi) € Fore () W= S5 Y = S0

(69)

then the Hardy operator %) is bounded from Zgggf(') (R™)

to ng&g‘c"'(')(l}ﬁ"), where w(0,7) is the function (63).

Proof. By (69), we have

[+5] t_(nl'P- (t)-1 0, t
p0.5

x| w(t) (70)

< Clx"f. (IxP-(n/p, (|x|));o (0, Ix[) ,

F e () = 2“1 (1x]) jl

after which the proof is the same as that of Theorem 16. [J



We single out an important case of non-weighted Hardy
operators

HOf () =1 [ f(5)d,
|71 <Ix
p (71
=t [ T
bl |yl
in variable exponent Morrey spaces of classical type, that is,
with the function (0,r) = ¢, /p(0,7), defined by
PMPO)
Pasp (0,7) = { pAIp(00)

<1
rs = rln"Po(l')’ (72)

where 0 < A < nand then ¥(0,1) = ;,,(0,7) = 4.1y
(63).

Theorem 18. Let @), be of form (72), 1 < p(x) < p, < oo,
let p,q, & € Py oo (R™) be such that a(0) = 0, x(co) = 0, and
a(0) 1 1 (o)
g(co) p(oo) n-A°
(73)

1 1

q0) p@©) n-A’

Then the Hardy operators H*) and 5¢*) are bounded from
gp(')l%\lﬁ(')(Rn) to gq(')!q’ﬂqf(')(Rn) vc

0,loc 0,loc
a(0) p(0)<n-A, a(00) p(co) <n- A (74)

In the case of inf, .p» p(x) = p(00), the conditions in (74) are
also necessary.

Proof. In the sufficiency part, the theorem may be derived
from Theorems 16 and 17, but we find it more convenient to
derive it from more general statement of Theorem 13, since
the functions K, , and %, , may be explicitly calculated in
this case and

Ky (x) = |x|“(")‘({"—l)lp.(|xl))=
(75)
T g (%) = |5] AP G-l (1)
Since & € P ,, we have
Ky (x) ~ |x|ﬂ-(lxIJ—((n—JL)/p_([xm,
(76)

Ky (x) = |x|fx.(lx|)+(l/p.(lxl))—(nlpi(IXJ))
w,ax 3

where the notation «, (|x|) has the same meaning as in (10).

To check that K,, ¢ Eﬁfzf(')(ll%”), by the
definition in (20? we have to estimate the norm
”lxla.{le)—((n—l)fp-(lx))wa,r)(x)"q(.)_ To this end, we may

apply Corollary 4 with v(x) = &, (]x]) - ((n— 1)/ p, (|x])) and
P replaced by g. The assumptions on ¥(x) of that corollary
are satisfied if 0 < A < # and max{«(0), x(c0)} < n - A,
which holds under the assumptions of the theorem. Thus, by

Corollary 4,
2 (lxl)=((n=A)/p. (Ix]))
"leu Jxl)=((n=2)/p. (x| XB(U.r)(x)"q(-)
77)
< e (N=Un=D)/p.(D)+(n/q. ™)
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Then the required condition

1 &, (] )~((n—A)/ p. (i)
AP [

Xawn @y <00 (78)

is guaranteed by (77) and (73).

Similarly the case of the operator #**) is treated.

The necessity of the conditions (74) becomes evident if
we note that in the case under consideration they are just
the same as the conditions in (55) which are necessary by
Theorem 13. O

Appendix

A. Zygmund-Bary-Stechkin (ZBS) Classes and
Matuszewska-Orlicz (MO) Type Indices

The reader can find more details and facts with proofs on
the notions of this section for instance in [37-40]; see also
the references therein. We recall some basic definitions and
properties on which we based in our paper.

In the sequel, a non-negative function f on [0,€], 0 <
£ < 00, is called almost increasing (almost decreasing), if
there exists a constant C(> 1) such that f(x) < Cf(y) for
all x < y(x 2 y, resp.). Equivalently, a function f is
almost increasing (almost decreasing), if it is equivalent to
an increasing (decreasing, resp.) function g, that is, ¢; f(x) <

g(x) < g f(x).¢ > 0,5, > 0.
Definition A.1. Let0 < € < co.

(1) We denote by W = W([0, £]) the class of continuous
and positive functions ¢ on (0, £] such that the limit
lim, _, y@(x) exists and is finite.

(2) We denote by W, = W,([0,£]) the class of almost
increasing functions ¢ € W on (0, £).

(3) We denote by W = W([0,£]) the class of functions
¢ € W such that x“¢(x) € W, for some a = a(p) €
R,

(4) We denoteby W = W([0, £]) the class of functions Qe
W such that ¢(t)/ t* isalmost decreasing for someb €
R'.

Definition A.2. Let 0 < £ < oo0.

(1) We denote by W, = W, ([f,00]) the class of
functions ¢ which are continuous and positive and
almost increasing on [£, 00) and which have the finite
limit lim, _, e(x).

(2) We denote by W, = W_([£,00)) the class of
functions ¢ € W, such x"p(x) € W,, for some
a=a(p) € R

Finally, we denote by W(R, ) the set of functions on R,
whose restrictions onto (0, 1) are in W([0, 1]) and restrictions
onto [1,00) are in W, ([1,00)). Similarly, the set W(R, ) is
defined.
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A.1. ZBS Classes and MO Indices of Weights at the Origin. In
this subsection we assume that £ < co.

Definition A.1.1. We say that a function ¢ € W, belongs to the
Zygmund class ZP, B € R, if

() P (x)
s mdt < 2 x€(0,€), (A1)
and to the Zygmund class Z,,, y € R', i
¢
@ (1) @ (x)
" t‘_"?’dt < g x € (0,8). (A.2)
We also denote
B._ 7B
of =7z, (A3)

the latter class being also known as Bary-Stechkin-Zygmund
class [41].

It is known that the property of a function to be almost
increasing or almost decreasing after the multiplication (divi-
sion) by a power function is closely related to the notion of the
so called Matuszewska-Orlicz indices. We refer for instance to
to [37, 40, 42-44], for the properties of the indices of such a

type. For a function ¢ € W, the numbers

In (h‘m supy,_, o (¢ (hx) /o (h)))

m(p) = niligl In x
In (lim supy, _, o (¢ (hx) /g (h)) )
— ]_im )
x—0 Inx (A4)
In (h'm sup, _,, (¢ (hx) /g (h)))
e (q;) B i]ill:’ Inx
in (1im sup, _ (9 () 9 1)
= xIHIéo ln X

are known as the Matuszewska-Orlicz type lower and upper
indices of the function ¢(r). Note that in this definition, @(x)
needs not to be an N-function: only its behaviour at the
origin is of importance. Observe that 0 < m(p) < M(p) <
oo for ¢ € Wy, and —co < m(p) < M(p) < 00 for ¢ ¢
W, and the following formulas are valid:

m[x°p(x)] =a+m(gp),

(A5)

M[<"p(x)]=a+M(p), acR}

m([¢ (0)]°) = am (p).
(A.6)
M([p)]*)=aM(p), az0,
1 1\
m(3)=Me).  M(3)=-me). @
muv) 2mu) +m(v), M (uv) < M (u) + M (v)

(A.8)

for g, u,v e W.

The following statement is known; see [37, Theorems 3.1,
3.2, and 3.5]. (In the formulation of [37, Theorem 5.4] it was
supposed that # 2 0,y > 0, and ¢ € W, It is evidently true
also for ¢ € W and all B,y € R’, in view of formulas (A.5).)

Theorem A.1.2. Let g € W and B,y € R. Then

¢eZﬁ4=»m(¢)>;3, peZ, = M(p)<y.

(A.9)
Besides this
m (@) = sup {y >0: %Q is almost increasing } y
x!
M (@) = inf {v >0: QOEC) is almost decreasing
(A10)
and forp € <D{,3 the inequalities
clxM("’)” <@ (x) < g x™P* (A.11)

hold with an arbitrarily small € > 0 and ¢, = ¢,(€), ¢, = ¢ (e).

A.2. ZBS Classes and MO Indices of Weights at Infinity

Definition A.2.1. Let —c0 < a < B < oco. We put ‘Pf =
7°nZ,, where 7P is the class of functions ¢ W, satisfying
the condition

[ (0% s,

x € (£,00), (A.12)

and Z,, is the class of functions ¢ € W([¢, 00)) satisfying the
condition

(292 s

x € (£,00), (A13)

where ¢ = ¢(g) > 0 does not depend on x € [£, 00).

The indices m,,(¢) and M, (¢) responsible for the behav-
ior of functions ¢ € ‘Pf ([£, 00)) at infinity are introduced in
the way similar to (A.4) as

In [liminf,;,_,c,o (o (xh) o (h))]
L (9’) = sup Inx ’

x>1

(A14)

 In[limsup, ., (p () /9 )]
My () = inf Inx '

Properties of functions in the class ‘I-’,f ([£, 00)) are easily
derived from those of functions in CDE( [0, £]) because of the

following equivalence:

pe¥l((t,00) = o, c0P([0,£°]),  (AI5)
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where ¢, (t) = ¢(1/t) and €, = 1/£. Direct calculation shows
that

Moy (4’) =-M (‘Pt) s
1 (A.16)
My (p)=-m(p.), ¢.(0):= @(;)-

By (A.15) and (A.16), one can easily reformulate prop-
erties of functions of the class @f near the origin, given in
Theorem A.1.2 for the case of the corresponding behavior at
infinity of functions of the class ¥* and obtain that

M (p)+e

at™ " < o (1) < g t28 9 eW,,

oo (9)
= sup {.u €R': t7p(t) is almost increasing on [¢, oo)} ;

M, (9)

= inf {ve R': 179 (t) is almost decreasing on [8,00)}.
(A17)
We say that a continuous function ¢ in (0, ca) is in the
class Wy, (RL), if its restriction to (0, 1) belongs to W([0, 1])
and its restriction to (1,00) belongs to W, ([1,00]). For
functions in W, o (R.), the notation
zPP= (R}) = 7% ([0,1]) n ZP= ([1,00)),
(A.18)
Z, . (RL) =2, ((0,1)n Z,_([1,00))
has an obvious meaning (note that in (A.18) we use
7P=([1,00)) and Z, ([1,00)), mot ZP=([1,00)) and
Z, ([1,00))). In the case where the indices coincide, that is,
By = Boo = B, we will simply write Z(R. ) and similarly for
Z},(Ri). We also denote

of (R}) =2* (R})nz,(R}).

Making use of Theorem A.1.2 for CDE([O, 1]) and relations
(A.16), one easily arrives at the following statement.

(A.19)

Lemma A.2.2. Let ¢ € W(R.). Then
g € ZPFe (RL) == m(9) > By g () > Poos

P €2y, (R) = M) <Y Moo (9) < Yoo:
(A.20)
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